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Abstract 

The purpose of this paper is twofold. One is to give a survey of our study on the reductions of harmonic 
bundles, and the other is to explain a simple application in the study of TERP structure. In particular, 
we investigate the asymptotic behaviour of the "new supersymmetric index" for variation of pure polarized 
TERP structures. 

Keywords: harmonic bundle, TERP structure, new supersymmetric index 
MSG: 32L05, 14D07 



1 Introduction 



In our previous papers |17| . |18| and [19| . we studied asymptotic behaviour of tame and wild harmonic bundles. 
Briefly, one of the main results is the following sequence of reductions of harmonic bundles: 



wild 
(irregular) 



tame 
(regular) 



twistor 
nilpotent orbit 



twistor nilpotent orbit 
of split type 



(1) 



A reduced object is simpler than the original one, but it still gives a good approximation of the original one. 
And, a twistor nilpotent orbit of split type comes from a variation of polarized pure Hodge structures, whose 
asymptotic behaviour was deeply studied by E. Cattani, A. Kaplan, M. Kashiwara, T. Kawai and W. Schmid. 
Thus, we can say that the asymptotic behaviour of wild harmonic bundles is understood pretty well. 

The main purpose of this paper is twofold. One is to give a survey of these reductions, and the other is to 
explain a simple application in the study of TERP structure. 

C. Hertling [7] initiated the study of TERP structures inspired by mathematical physics and singularity 
theory. The study was further developed by Hertling and C. Sevenheck. For example, they investigated 
"nilpotent orbit" [8] , asymptotic behaviour of tame variation of TERP structures and classifying spaces [9] . We 
refer to the above papers and a survey [TD] for more details and precise. 

Remark 1.1 Their "nilpotent orbit" is called "HS-orhit" (Hertling-Sevenheck orbit) in this paper. We can 
consider several kinds of generalization of "nilpotent orbit" in the theory of TERP structures and twistor struc- 
tures. HS-orbit is the one. Another one is twistor nilpotent orbit studied in [18j . which we will mainly use in 
this paper. I 

Remark 1.2 We prefer to regard TERP structure as integrable twistor structure with a real structure and a 
pairing studied by C. Sabbah. It is called twistor-TERP structure in this paper. I 

We will give an enrichment of the sequence ([1]) with TERP structures or integrable twistor structures. As an 
application, we will study the behaviour of "new supersymmetric index" of variation of pure polarized TERP 
structures. Let V be a meromorphic connection oiV = 0®i^ admitting a pole at {0,oo} of at most order two. 
Let d be the natural connection of V . Then, we have the expression V = d + (A~^ ■ Ui — Q — X • U2) ■ dX/X, 
where Ui,Q e End(F). If (V^, V) is equipped with a real structure and a polarization (see Subsection I2.1.5p . 
there is some more restriction on them. Anyway, Q is called the supersymmetric index of (y,V). We set 
X := {(zi, . . . , z„) I \zi\ < 1} and D := {J^^i{zi = 0}. Let (V,ID>^,5, k) be a variation of pure polarized 
twistor-TERP structures of weight on x {X — D). (See Subsection 12.11 ) It is called unramifiedly good 
wild (resp. tame), if the underlying harmonic bundle {E,dE,0,h) is so. (See Subsection 16.11 ) For each point 



P £ X ~ D, we have the new supersymmetric index Qp G End(V|pi^p) ~ End(i?|p) of {V^ ,ID^)\pixp, and 
thus we obtain a C°°-section Q of End(£^). We are interested in the behaviour of Q around (0, ... ,0). The 
result is the foUowing: 

• In the case of twistor-TERP nilpotent orbit of spUt type, the new supersymmetric index can be easily 
computed from the data of the corresponding polarized mixed twistor-TERP structure. In particular, 
their eigenvalues are constant. (See Section [31) 

• From a twistor-TERP nilpotent orbit (V,D^,5, k), we obtain a twistor-TERP nilpotent orbit of split 
type (VojDq ,So,ko), by taking Gr with respect to the weight filtration. (Precisely, Gr is taken for the 
corresponding polarized mixed twistor-TERP structure.) The new supersymmetric index Q of {V,D^) 
can be approximated by the new supersymmetric index Qq of (Vo,D^) up to O (^{~' log \ Zi\)~ ^ ^ . In 

particular, the eigenvalues of Q are constant up to 0^^(— log Izi])^*^ for some S > 0. (See SectionlH) 

• From a tame variation of polarized pure twistor-TERP-structures (V, , 5, k) , we obtain a twistor-TERP 
nilpotent orbit (Vo, ©g j '^o, kq) associated to the limit mixed twistor-TERP structure which was essentially 
considered in [9] as an enrichment of the limit mixed twistor structure in [18| . We can approximate the new 

supersymmetric index Q of (V,D^) by the new supersymmetric index Qo of (Vo,©^) up to kil"^) 

for some e > 0. In particular, the eigenvalues of Qq approximate those of Q up to \zi\'^ ^ for some 

e' > 0. (See Subsection 17.41 for more precise statements.) 

• From a wild variation of polarized pure twistor-TERP structures (V, D^, 5, k), we obtain a tame variation 
of polarized pure twistor-TERP structures (Vo, Bq i '^o, kq), by taking Gr with respect to Stokes filtrations. 
We can approximate the new supersymmetric index Q of (V,©^) by the new supersymmetric index Qo 
of (Vo,D^) up to a term with exponential decay. In particular, the eigenvalues of Qo approximate those 
of Q up to exponential decay. (See Subsection 17.31 for more precise statements.) 

In each case, we will construct a C°°-map Vo — > V, which does not preserve but approximate the additional 
structures. (More precisely, Vo should be twisted.) It would be interesting to clarify the precise relation between 
these results and the celebrated nilpotent orbit theorem for Hodge structures due to W. Schmid [23]. (See also 

m) 

As a corollary, we obtain the convergence of the eigenvalues of new supersymmetric indices of wild harmonic 
bundles on a punctured disc. In his recent work (Section 3 of [H]), Sabbah studied the eigenvalues of new 
supersymmetric indices for polarized wild pure integrable twistor £)-modules on curves. Since wild harmonic 
bundles are prolonged to polarized wild pure twistor D- modules |19j , we can also deduce the above convergence 
in the curve case from his results. 

We also show that if a TERP-structure induces an HS-orbit, then it is a mixed-TERP structure in the sense 
of [5] by using the reduction from wild to tame, which was conjectured by Hertling and Sevenheck. 

Outline of this paper In Subsection 12.11 we recall integrable pure twistor structure and TERP structure 
and their variations in our convenient way, which were originally studied by Hertling, Sabbah and Sevenheck. 
We look at some basic examples in Subsection l2.2l In particular, we introduce the notions of integrable twistor 
nilpotent orbit and twistor-TERP nilpotent orbit. In Subsection l2.3[ we argue a convergence of integrable pure 
twistor structures and new supersymmetric indices. The result will be used in many times. In Subsection 12. 4[ 
we consider a variation of polarized mixed twistor structures. In Subsection I2.4.2[ we explain the reduction 
from polarized mixed twistor structure to polarized mixed twistor structure of split type. In Subsection I2.4.3[ 
we give a C°°-splitting of weight filtrations compatible with nilpotent maps, which is a preparation for Section 

SI 

In Section [21 we study polarized mixed twistor structure of split type with some additional structures. It is 
quite easy to handle. In Section [31 we show the correspondence between twistor nilpotent orbits and polarized 
mixed twistor structures. We have already established the way from twistor nilpotent orbits to polarized mixed 
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twistor structures in [TH]. The converse was also established in the curve case. The higher dimensional case is 
new. The correspondence is easily enriched with integrability and real structures. We also show that a twistor 
nilpotent orbit is approximated with a twistor nilpotent orbit of split type. 

In Section[Sl we give a review on Stokes structure and reductions for a family of meromorphic A-flat bundles, 
studied in Sections 7 and 8 in [19j . We give some minor complementary results on connections along the A- 
direction and pseudo-good lattices. 

In Section [6l we explain the reduction from unramifiedly good wild harmonic bundles to polarized mixed 
twistor structures, studied in |18j and [19j . We give a review on the prolongation of harmonic bundles in 
Subsection 16.31 Then, in Subsection 16.41 we review the reduction from unramifiedly good wild bundles to tame 
harmonic bundles as the Gr with respect to Stokes filtrations, which is one of the main results in [TH], and in 
Subsection 16. 5[ we review the reduction from tame harmonic bundles to polarized mixed twistor structure as 
the Gr with respect to KMS-structure, which is one of the main results in [18]. Together with the result in 
Section m we can regard it as the reduction to nilpotent orbits. 

In Section [71 we argue an enrichment of the reductions with integrability and real structure. One of the 
main issues is to obtain a meromorphic extension of the connection along the A-direction. For that purpose, we 
prepare some estimate in Subsection 17.11 Then, it is easy to obtain the meromorphic prolongment of variations 
of integrable twistor structures and the enrichment of the sequence of reductions as in ([1]). We also show 
that the reduced one gives a good approximation of the original one. In particular, we obtain the results on 
approximation of the new supersymmetric indices of wild or tame variation of integrable twistor structures. 

In Section [21 we study the reduction of HS-orbit. 
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2 Preliminary 

2.1 Integrable twistor structure 

We recall the notion of integrable twistor structures and TERP structures in our convenient way just for our 
understanding. See [7], [8] and [21] for the original definitions and for more details. We also recall twistor 
structures introduced in [27] . See also [17] and [18] . 

2.1.1 Some sheaves and differential operators on x A 

Let denote a one dimensional complex projective space. We regard it as the gluing of two complex lines C\ 
and by A = Ai"^- We set := Ca - {0}. 

Let A be a complex manifold. We set X := CxX X and X° := {0} x A. Let Ulf be the C°°-bundle 
associated to n]f(logX°) <E) Ox{X°). We put ■=^Y, and we define 

The associated sheaves of C°°-sections are denoted by the same symbols. Let D;^ : — > denote the 
differential operator induced by the exterior differential d. 
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Let denote the conjugate of X. We set := x X^ . By the same procedure, we obtain the 



C°°-bundles fl'^^ with the differential operator ^1/ . 

Their restrictions to C*^ x X — C* x X'f are naturally isomorphic: 

By gluing them, we obtain the C°°-bundles flpi^j^ with a differential operator D^. 

Remark 2.1 and D^J" are denoted also by d, if there is no risk of confusion. I 

We have the decomposition ilpi^^ = C^^x ® ^pi i^to the X-direction and the P^-dircction. The restriction 
of to the X-direction is denoted by D^. The restriction to the P^-direction is denoted by dpi. We have the 
decomposition 

nil = 7r*r!;'°(2 • {0,oo}) e^*r!°i\ 

into the (f , 0)-part and the (0, f )-part, where tt denotes the projection P^xX — > P^. We have the corresponding 
decomposition dpi = dpi + dpi . 

Let u : P^ — > P^ be a diffeomorphism. Assume v satisfies one of the following: 

(Al) ly is holomorphic with i/(0) = and i^(oo) = oo. 

(A2) is anti-holomorphic with j/(0) = oo and i^(oo) = 0. 

In particular, we will often use the maps a, 7 and j: 

: zi]) = [-zi ■ zo], j([zo : zi]) = [zi : zq], j{[zo : zi\) = [-zq : zi] 

The induced diffeomorphism x X — > P^ x X is also denoted by i^. In the case (Al), we have the natural 
isomorphism : i'*rtpi^^ ~ fipi^^ of -vector bundles given by the ordinary pull back. In the case (A2), 
the multiplication of C°°-functions on j/*rjpi^j^ is twisted as g ■ — '^*{i^*{g) • for a function g and 

a section u> of flpi^-^. Then, wc have the C°°-isomorphism : iy*npi^-^ ~ ftpi^-^ given by the complex 
conjugate and the ordinary pull back 

^^{i^*uj) = iy*{uj). 

It is easy to check that $1, o j/*(D^) = o Similar relations hold for and dpi. If we are given an 
additional bundle !F, the induced isomorphism T ® v* (fipi^^) ~ (g) f^pixx denoted by 

2.1.2 Definitions and some remarks 

Variation of twistor structures Let be a C°°-vector bundle on P^ x X. We use the same symbol to 
denote the associated sheaf of C°°-sections. A P^-holomorphic structure of V is defined to be a differential 
operator 

satisfying (i) dpi y{f ■ s) ~ f -dpi y{s) + dpi {f) • s for a C°°-function / and a section s of V, (u) dpi yodpi y = 0. 
Such a tuple (F, dpi y ) is called a P^-holomorphic vector bundle. 
A TT-structure of {V, dpi y) is a differential operator 

B>y -.v — >V(x) 

such that (i) By{f-s) = /•D^(s)+D^(/)-s for aC°°-function / and a section s of (ii) (d^i + D^)^ = 0. 

Such a tuple (V,dpi is called a TT -structure in [7], or a variation of -holomorphic vector bundles in 

[18] . In this section, we prefer to call it variation of twistor structures. 
If X is a point, it is just a holomorphic vector bundle on P^. 

Remark 2.2 We will often omit to specify dpi y when we consider P^ -holomorphic bundles or variations of 
twistor structures (variations of P^ -holomorphic bundles). I 
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Variation of integrable twistor structures A TTE'-structure of F is a differential operator 

By : V — >V(E)hl^^x 

satisfying (i) D()(/ • s) = ID)^(/) • s + / • D^(s) for a C°°-function / and a section s of V, (ii) By oDy = 0. 
Such a tuple (y,D^) is called a variation of integrable twistor structures. 

If X is a point, it is equivalent to a holomorphic vector bundle V on with a meromorphic connection V 
which admits a pole at {0, 00} with at most order 2, i.e., 

v{v) cv (gin\2- {0,00}). 

In this case, it is simply called an integrable twistor structure. 

Morphisms A morphism of variation of twistor structures F : ( Vi , dpi y^ , Dy^ ) — > ( V2 , ^pi y^ , ) is defined 
to be a morphism of the associated sheaves of C°°-sections, compatible with the differential operators. If X is 
a point, it is equivalent to an Opi -morphism. 

A morphism of variation of integrable twistor structures F : {Vi,I]>y_^) — > {V2,Dy^) is defined to be a 
morphism of the associated sheaves of C°°-sections, compatible with the differential operators. If AT is a point, 
it is equivalent to an Opi -morphism compatible with the meromorphic connections. 

Some functoriality Let (F, Dy) be a variation of integrable twistor structures. Let / : Y — > A be a 
holomorphic map of complex manifolds. Then, we have the naturally induced variation of integrable twistor 
structures f*{V,'Dy) as in the case of ordinary connections. 

Let v : — > be a diffeomorphism satisfying one of (Al) or (A2) above. Then, i'*V is naturally equipped 
with a TTii'-structure V)^,y given as follows: 

Here, s denotes a section oi V ^ fl'^. 

We also have the pull back of variation of twistor structures via / and i' as above. 

Pure and mixed Let (V, dpi y) be a P^-holomorphic vector bundle on x A. It is called pure of weight w 
if the restrictions Vp :— (V, dpi y)|pix{p} a-re pure twistor structures of weight w for any P G A, i.e., Vp are 
isomorphic to direct sums of Opi(w). A variation of (integrable) twistor structures is called pure of weight w, 
if the underlying P^-holomorphic vector bundle is pure of weight w. 

Let W he a, filtration of V by vector subbundles indexed by integers. We say that W is P^-holomorphic, 
if each Wn are preserved by dpi y. We have induced P-^ -holomorphic vector bundles GrJ^(I/, dpi y). Then, 

{V,d'^i,W) is called mixed, if each Grjf'(y, dpi y) is pure of weight n. When (V, dpi) is equipped with TT- 
structure Dy (resp. TTS-structure Dy), we say that W is Dy-fiat (resp. Dy-fiat) or more simply flat, if 
each Wn is preserved by the operator. In that case, (V^, dpi y,By,W) (resp. {V,Dy ,W)) is called mixed, if 
(T^, dpi , W) is mixed. 

New supersymmetric index Let (V, V) be a pure integrable twistor structure of weight 0. We have a 
global trivialization V ~ O®^ , which is uniquely determined up to obvious ambiguity. Let d denote the natural 
connection of O^j^ . Then, we have the decomposition 

V = d+(^X-^Ui-Q-X-U2)^, (2) 

where UiM2,Q e F°(P\End(F)), The operator Q is called the new supersymmetric index. If {V, V) is 
equipped with a polarization (Subsection I2.1.i|) . 1^2 and hii are adjoint with respect to the induced hermitian 
metric, as observed by Hertling and Sabbah. 

If we are given a variation of polarized pure integrable twistor structures, we obtain such operators in family. 
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2.1.3 Simple examples 

We recall some simplest examples of integrable pure twistor structures. 



Example (Tate object) Let T{w) be a Tate object in the theory of twistor structures. (See [22j and 
Subsection 3.3.1 of [Hj-) It is isomorphic to Opi{—2w), and it is equipped with the distinguished frames 

The transformation is given by 

In particular, {\/—l\)^'^'^t'^^ = t^of? . We have the meromorphic connection Vjt^\ on T(w) determined by 



w • — . 



In the following, the connection of T{w) is always given as above, and hence we often omit to specify it explicitly. 

We may identify T{w) with Opi (^—w ■ — w ■ oo) by the correspondence 4™'' ^ — * 1: up to constant multipli- 
cation. In particular, we implicitly use the identification of T(0) with Opi by 4"'' < — * 1- We will also implicitly 
use the identification T(rn) (g) T{n) ~ T(m + n) given by tl™'' (Xi ii""* < — » 

Example In Subsection 3.3.2 of [TH], we considered a line bundle 0{p,q) on P^, which is isomorphic to 
Opi {p + q) and equipped with the distinguished frames: 

The transformation is given by 

In particular, (\/— 1A)p+''/q^'^'' = f^'''^- We have the meromorphic connection Ve)(p ^) on 0(73,(7) determined 

by 

In the following, the connection of 0{p, q) is always given as above, and hence we will often omit to specify it 
explicitly. 

We may naturally identify 0{p,q) with Opi(p • + g • 00) by the correspondence f\^''^'^ < — > 1, up to 
constant multiphcation. We will impHcitly use the identification 0[p, q) ® 0{p' , q') ~ 0{p + p', q + q') given by 
/a^'"^^ (S> fa''''"^ < — > f(P+p'''}+<}'\ We wiU also implicitly identify T{w) with 0{-w, -w) by tiT^ = /i"""'"""' for 
a — 0,1, 00. 

Let X be a complex manifold. We have the pull back of T{w) and 0{p, q) via the map from X to a point. 
They are denoted by T{'w)x and 0{p,q)x, respectively. We will often omit to denote X, if there is no risk of 
confusion. 

2.1.4 Polarization 

Recall that we have the isomorphism ([18j) 

tT(«,) : (T*T{w) ~ T(w), 

given by the natural identification cr*C'(— w • — w • 00) ~ ©(— w ■ ~ w ■ cxd) via cr*(l) < — > 1, or equivalently. 
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It preserves the flat connections, i.e., tT(tii) '■ o'*(T(w), Vt(uj)) — (T(?x;), Vt(ui))- 

For a variation of integrable twistor structures {V,Dy) on x X, a morphism 

S:iV,B^)®a*{V,B^) ^n-w)x 

is called a pairing of weight w, if it is (—1) ""-symmetric in the following sense: 

tT(-to) o cr*S — {~-l)"''S o exchange : (t*V iS) V — > T{—w)x 

Here, exchange denotes the natural morphism a*V^V — > V^(j*V induced by the exchange of the components. 
Similarly, we have the notion of pairing for variations of twistor structures. 

Definition 2.3 Let (y,Dy) be a variation of integrable pure twistor structure of weight w on x X. Let 
S : (V,Dy) (8" cr*(V,]D'y) — > T{~w)x be a pairing of weight w. We say that S is a polarization of {V,Dy), if 
Sp := 5|pi x{p} is a polarizations of Vp :— (V, dpi)|pix{P} for each P G X. Namely, the following holds: 

• If w — 0, the induced Hermitian pairing H'^{Sp) o/_ff°(P^, Vp) is positive definite. 

• In the general case, the induced pairing Sp (X" Sq^-w of Vp 0(0, —w) is a polarization of the pure twistor 
structure. (See Example 2 below for Sq^-w.) 

The notion of polarization for variation of pure twistor structures is defined in a similar way. I 

Example 1 The identification lti^w) induces the flat morphism Sj(^w) ■ T(w) (g) a*T{w) — > T{2w), which is a 
polarization of T{w) of weight —2w. 

Example 2 The flat isomorphism i[p^q) : (J*0{p,q) ~ 0{q,p) in [18 is given by 

cT*f^'''^ ^ {V^r+'ft'l <y*fr^ ^ {-v^r+'f^'-''\ ^ {V^y-pf['^'^\ 

Hence, we obtain the morphism Sp^q : 0{p, q) ® a*0{p, q) — > T{—p — q), which is a polarization of weight p + q. 
2.1.5 Real structure and twistor-TERP structure 

Definition 2.4 A real structure of a variation of integrable twistor structure (V^Hy) is defined to be an iso- 
morphism ^ ^ 

K:7*(F,B^)~(t/,©^) 

such that 7* (k) o k = id. I 

We fix the real structure KT(tu) of 'P{w) given by the correspondence 

7 '-1 ^ * ''17 7 '■oo I 7 'oo ^ * 'o • 

Definition 2.5 Let (F,Dy) be a variation of integrable twistor structures equipped with a pairing S of weight 
w and a real structure k. We say that k and S are compatible, if the following diagram is commutative: 

-f*V®j*a*V '''^ 7*T(-w) 



V®cr*V ^ ) T(-w) 

Namely, kt(-«)) ° 7**5 — S o [k a* k) holds. In that case, we also say that k is a real structure of (V,Dy ,5), 
or that S is a pairing of (V, , k) with weight w. I 
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Definition 2.6 Let (V^Hy) be a variation of integrable twistor structure equipped with a pairing S of weight w 
and a real structure k. The tuple (y, Dy , 5, k, — w) is called a variation of twistor-TERP structure, if (i) S is 
perfect, (ii) S and k are compatible. 

If X is a point, it is called a twistor-TERP structure. I 

It is easy to observe that twistor-TERP structure is just an expression of TERP structure [7] in terms of 
twistor structures, which we wiU explain later. 

Definition 2.7 A variation of twistor-TERP structures (V, Dy , 5, k, — ui) is called pure, i/(V,Dy) is pure with 
weight w. R is called polarized, if (V^Dy ,S) is polarized. I 

Remark 2.8 If a variation of twistor- TERP structure (V, Dy , S, k, —w) is pure, we also say that "{V, Dy , S, n) 
is a variation of pure twistor-TERP structure of weight w." I 

Example A Tate object (T(w), Vt(u,), 5t(u,), kt(ii;), Sw) is a pure polarized twistor-TERP structure. 

2.1.6 Gluing construction 

Variation of integrable twistor structures We can describe a variation of integrable twistor structures as 
gluing. We set A" Ca x X, X" {0} x X, := x X^ and := {0} x XK 

Let Vq be a holomorphic vector bundle on X with a nicromorphic flat connection (Ti^-structure [7]) 

Vy„ -.Vo—^Vo® n]^°{\ogX°) ® OxiX"^). 

We use the same symbol to denote the associated differential operator Vq — > V'o'^^a' in the C°°-category. (The 
holomorphic structure dy^ is also included.) Let Voo be a holomorphic vector bundle on X^ with a meromorphic 
flat connection (TE'-structure [7]) 

Vy^ -.Voo ~^Voo<»n]^°{logX^'^)(E)Oxi{X^°)■ 
We use the same symbol to denote the associated differential operator Voo — > Kx) ® f^^i ™ the C°°-category. 
Assume that we are given an isomorphism <f> of C°°-flat bundles: 

* : (Vb,VyJ|c*xX ^ (K>o, Vy^)|c*xXt 

We obtain the C°°-vector bundle V on x AT by gluing Vq and Voo via $. Since $ is flat, Vvg and Vy^ 
induce the rT£;-structure By : V — > (g) f^^i^^. Thus, we obtain a variation of integrable twistor structures 
{V,V)^). 

Conversely, we naturally obtain a tuple of (Vq , V v;, ) , (Voo , ) and <i> as above from a variation of integrable 
twistor structures (y,Dy) as the restriction to X and X^ , respectively. In this situation, we set 

Glue((yo,VyJ,(yoo,Vy^),$) {V,D^). 

Pairing and real structure Note that we have the natural isomorphisms i^*^]^^ — ^^d v*Vl\ ~ fi^^ 
for anti- holomorphic diffeoniorphism v : C\ — > or — > C\, as in the case of 0.^1^-^. Let Vq be a 
holomorphic vector bundle on X with a TiJ-structure Vy,. By the above isomorphisms, 7*Vo and (j*Vq are 
naturally equipped with Ti?-structure V-^.y, and Vo-^yQ. Similarly, if we are given a holomorphic vector bundle 
Voo on A"^ with Ti?-structure, cr*Voo and 7* Voo are naturally equipped with T£^-structures. We remark that 
there exist the natural isomorphisms: 

Glue(7*(Ko, Vy^), 7*(l^o, VyJ, 7*$-') ^ 7* Glue((yo, VyJ, (V^o, Vy^), $) 

Gluc(a*(yoo, Vy^), a*(K), VyJ, ~ a* G\ne{{Vo, VyJ, {Voo.VvJ. 
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A real structure of variation of integrable twistor structure corresponds to a pair of isomorphisms 
'^o : 7*(^oo, Vy^) ~ (Fo,Vy„), Koo : l*{Vo,Vvo) - (K>o, Vy^) 
such that (i) 7*ko — k^-, (ii) the following commutativity holds on C*^ x X: 

A pairing of weight w corresponds to 

So ■■ (K),VyJ®a*(14o,Vy^) ^T(-u;)|;t, 5oo : (Foo, Vy„) a*(Fo, VyJ T(~u;)|;tt 

such that (i) iT(-iu) ° cr*Soo — {~^)"'Sq o exchange, (ii) it is compatible with the gluing. Compatibility of S and 
K is kt(_^) o 7*5oo = 5o o (ko (8i o-*Koo)- 

Variation of twistor structures The above gluing description is essentially the same as that for a variation 
of twistor structures in [27], which we recall in the following. See also [18 . We have the decomposition 
fi^ = ® into the X-direction and the CA-direction. Let dx denote the restriction of the exterior 

differential to the X-direction. Similarly, we have the decomposition fl^^ = £,^x^;^;-t ® ^c^,, and the restriction 

of D^/ to the X-direction is denoted by d^t- The notions of CA-holomorphic bundles or C^-holomorphic 
bundles are defined as in the case of P^-holomorphic bundles. 

Let {Vq, d'^^ y^^) be a CA-holomorphic bundle on X . A T-structure 7] of Vb is a differential operator 

satisfying (i) • s) — dxf ■ s + f ■ Dy^(s) for a function / and a section s of V, (ii) {d'^^ + ©vb)^ = 0. 

Let (Voo, c^c y ) be a C^-holomorphic vector bundle on . A T-structure [7] is defined to be a differential 
operator 

satisfying conditions similar to (i) and (ii) above. 
Assume that we are given an isomorphism $: 

$ : (\/o,rfc„y,,<)|c*x^ ^ (V;o,d^^,y^,Bl.i)|c-xXt (3) 

We obtain the C°°-vector bundle on x AT by gluing Vq and Voo via By the condition ([3]), c?^^ and 
d^^ y^ give P^-holomorphic structure dpi y, and Dy^ and Dy-' induce the TT-structure Dy . Thus, we obtain 
a variation of twistor structures {V, dpi y, Dy ). 

Conversely, we naturally obtain such a tuple of (V07 c?Ca Vo^^Vo^' (^00, d^ y , ) and $ from a variation 
of twistor structures (V, dpi y,Dy) as the restriction to X and X^ , respectively. In this situation, we set 

Glue((yo,d^^ D(.),(yoo,d^^,y^,D|.^),<i>) {V,D^) 
Remark 2.9 Let p\ be the projection X > X . Under the natural isomorphism 

^^x\x = -Px^^lf ®P\^^°x -P\^^]f ®Px^^x^ ^Px^^x, 

a T-structure Dy^ induces a holomorphic family of flat X-connections By^. Similarly, a T-structure 0/ Dy^ 
naturally induces a holomorphic family of flat fi- connections Dy . Hence, a variation of twistor structure is 
regarded as the gluing of families of X- flat bundles and fi-flat bundles. I 
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2.1.7 Relation with harmonic bundles 



We recall a fundamental equivalence due to Hertling and Sabbah. Let X be a complex manifold. Let ,S) 
be a variation of pure polarized integrable twistor structures of weight on x X. By the equivalence between 
harmonic bundles and variations of pure polarized twistor structures due to Simpson, we have the underlying 
harmonic bundle {E,dE,d,h) on X. Moreover, it is equipped with C°°-scctions and Q of End(£') satisfying 
the following equations: 

dsU = 0, [U, 0] = 0, Q=Q^ (4) 
OeK -[o,Q] + e ^0, dEQ+[0,U^]=^0 (5) 

Here, U^q and Q|q {Q e X) are obtained as in and and denote the adjoint oiU and Q with respect 

to h, respectively. Conversely, we obtain a variation of polarized pure integrable twistor structures (£^,10)^,5) 
from a harmonic bundle {E,dE,0,h) with U and Q satisfying ([4]) and ([5]). Let p : ¥^ x X — > X be the 
projection. We set £^ :— p~^E on which we have the natural connection dpi along the P^-direction. We set 

Va := dpi + {\-^ -U - Q - \-U^)^ 

A 

It gives a flat connection of £^ along the P^-direction. Then, we obtain a TTi?-structure 

:= (Be + \9^) + {Oe + X^^O) + Vx:£^ ^£^® ^l^xx- 
The pairing S is induced by S{u (8) cr*v) — h{u, ij*v). 

Let us also see the gluing construction of the above (f ^, D^, 5). Let {E, dE,6,h,U, Q) be as above. Let p\ 
be the projection X — > X. Let £ be the holomorphic vector bundle [p^^E, Oe + + d\), where 9a denotes 
the natural A- holomorphic structure of £. We have the family of flat A-connections ^ — Oe + + XQe + oi 
£. The associated family of flat connections is given by ^ d e + + Be + A~^0. Then, 3-^ := D-^ + Va 
gives a meromorphic flat connection of £. 

Let Pf_i be the projection — > X^ . Let £^ be the holomorphic vector bundle (p'^^E, Oe + + 9^), 
where 9^ denotes the natural /i- holomorphic structure of £^ . Wc have the family of flat /i-connections ~ 
Oe + 1^-0 + Mi9-E + 0^ of £^ . The associated family of flat connections is given by D^-^ = Oe + f^d + Oe + f^^^O^ ■ 
Then, B)^ ■.= 'D^ + Va gives a meromorphic flat connection of £^ . 

We have the induced pairings Sq : £ ® a*£^ — > Ox and Soo ■ £^ ^ (J*£ — > Oxi induced by h. Then, 
(£^,D^,5) is obtained as the gluing of {£,tS)^), {£'^ .W and (5o,5oo) by the procedure in Subsection 12. 1.61 



2.1.8 TERP and twistor-TERP 

Let us observe that the notions of TERP-structure and twistor-TERP structure are equivalent. First, let us 
introduce a pairing P induced by n and S. Then, we argue the equivalence in the case that X is a point, for 
simplicity. We give a remark for the family case in the end. 



The induced pairing P We set j :— ^ o a = a o ^, which is a holomorphic involution of P^. We have the 
induced isomorphisms 

a* K : j*T{w) ~ a*T{w), j* k : a*T{w) ~ j*T{w). 
We have the following equality: 

<T* K o j* K = j* (y* K o Kj — j* (id) = id 

We will use similar relations implicitly. We also remark the commutativity of the following diagram, which can 
be checked by a direct calculation: 

j*r{w) JlJ^ 7*TH 



a*T{w) ) T{w) 
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The composite j*T{w) — > T{w) is denoted by pj 



Let (V, IIJ^,<S, K, —w) be a variation of twistor-TERP structure. We define a pairing P : V®j*V — > T{—w) 



(to)- 



by 



P := {y/^)"" .So{l^a*K). 
Lemma 2.10 P is {—l)"^ -symmetric in the sense that the following diagram is commutative: 



(6) 



exchange 



V j*V — > T{-w) 

Namely, /9t(-w) °j*P = (—1)"' • P o exchange. Here, exchange denotes the natural morphism exchanging the 
components. 

Proof We have the following equality: 

PT{-w) °fP = (\/^)"'«T(-«,) °l*l-T{~w) o (l (g) jW) 

= (v^)"'kt(-«;) O 7*'-T(-«,) O {j*CF*S) O (l (g) 7*k) = (y/^)-^ Kj^_^-) O 7* (^(.T(-«;) » O"*'?) O (l (g) J* k) (7) 

By using the compatibility of <S and k, we obtain 

(-l)"'Poexchangc = (V^)'"(-l)'"'5o(l(g(7*K)oexchangc = (V^)"'(-l)'"5o(K(g(7*K)o(7*K(gl)oexchange 

= (V^)'"kt(-») o 7* o exchange) o (l (g 7*^) (8) 

Thus, we are done. I 
Lemma 2.11 The following diagram is commutative: 



+ 7*T(— w) 

KT(-™) 

T{-w) 



7*y g)cr*V 

y (g j*y 

Namely, (-1)"'P o (k j*^) = Kt(-,„) o 7*P. 
Proof We have the following equalities: 

{\/~^y"P o [k® fn) = 5 o (1 (g (t*k) o (k g) fn) = 5 o (k g) (t*k) o (1 ® f n) (9) 

'«T(-,«) ° 7* {{^y"?) = KT(-,.) o 7* (5 o (1 (g a*K)) = Kt(-«,) o (7*^5) o (1 g) j* k) (10) 
Then, the claim of the lemma follows from the compatibility of >S and k. I 

Prom twistor-TERP to TERP Let (y. V.5, k, -w) be a twistor-TERP structure. Let us explain how to 

associate a TERP structure (_ff, ff^, V, P', —w) in the sense of Hertling. We set H :— V\Cx ^"^^ ^' •= ^cj- 
In general, for a C- vector bundle U, let U denote the conjugate of U, i.e., U = U as an il- vector bundle, and 
the multiplication of \/^ on U is given by the multiplication of — on U. Note that 'y*{H)\x for A ^ is 
naturally identified with H^j-i. 
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The following diagram for A 7^ is commutative by the flatness of k: 



(11) 



Here, Ha denotes the parallel transform along the segment connecting A and A as often used in [7]. A flat 
isomorphism k' : i?|cj — -ff|c* is given by the composite of the morphisms, i.e., k'^^ :— n^x ° IIa- Because 
7*K o K = id, the composite 

is the identity. Let us check k! o k! — id by using the commutativity (jlip : 

'*A ° '^A = ('^A o IIa) o (n^^ o = ka ° = id 

Hence, k' gives a flat real structure of H' . Thus, we obtain a real flat subbundle H'j^ of By restricting 

P, we obtain a pairing: 



P\c, : H ® fH ^ n-w)\c, = Oc, ■ (V-lA)-™ii 
By taking the coefficients of ™\ we obtain a flat morphism 

P' -.H' ® j*H' — > Oci 

such that A™ • P' induces a perfect pairing H (g) j*H — > C'c^- By Lemma r2.10[ P' is (— l)™-symmetric. 
Lemma 2.12 P' {H'jj^®r j* H'^ C (V^)"'-R. 

Proof Note that k gives real structures K\a ■ ~ for a ~ 1, —1- By Lemma [2. Ill we have 

{^/^r ■ P|i O ® = (KT(-^„))|1 O ((\/^)"'P|i). (12) 

We obtain P|'j^(i7|i (g) C {-s/ —\)^ R. Then, the claim of the lemma follows from the flatness of P'. I 

Thus, we obtain a TERP-structure {H, iJ^, V, P', -w). 

From TERP to twistor-TERP Conversely, we obtain a twistor-TERP structure (V, V, k, 5, — w) from a 
TERP structure {H, H'^, V, P', —w). We set Vo := iJ and T4o := 7*i?. We have the flat isomorphism 

Troal ■H\ci'^ 7*(-ff|Cj), 

obtained as the composite of the conjugate with respect to the real structure and the parallel transform along 
the segment connecting A and A . By gluing {H,W) and 7*(iJ, V) via Ticai, we obtain an integrable twistor 
structure (1^, V). 

By construction, we have 7*(Ti.cai) = ''"real' ''^^^'^ ^^"^ following diagram is commutative: 

Hid l*iH\ci) 



l*{l*H\ci) ^ l*H\ci 

Hence, a morphism k : 7*(y, V) ~ (V^, V) is given by the gluing of 7*V"oo — Vo and 7*Vb — Vao induced by 
the identity. Clearly it satisfles j*ko k = id. The restriction ■ 7*(^)|c* — * is identifled with 
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Let Po-.Vo® fVo Oc, ■ 4 ""^ be given by 

Po=P'- = P' ■ (V^A)" • 4-™). 

We have the induced morphism 

We obtain the following equalities for linear maps H^i^H^^i — > T(— u>)|i from P' {PI'r® R]* ^'b) ^ T)'"-R: 

{V^r ■ Poll ° («ii ® '^i-i) = {^in-^o))\i ° {(V^rPoii) = {-v^^{^T(-^o))\l o (7*^011) 

Here, we have used the natural identification Po|i = (7*^o)|i- The first and third terms are obtained as the 

restrictions of morphisms (14o (X" j*Kx))|c* — > C'cj • 4 to the fiber over 1. By flatness, we obtain the 
following equality on C^: 

(-1)"' ■Poo{k® fn) = «:t(-») o 7*Po (13) 

Hence, the pairings Pq and (— 1)'"kt(_w) o^*Pq induce P : V ® i*V — > T{—w). Since P' is (— l)"'-symmetric, 
P is also (— l)™-symmetric in the sense of Lemma 12. 101 From ([T3|) . we obtain 

(_1)- . p o ® = ° 7*^- (14) 

The pairing S is constructed from P and k by the relation ([6]). The compatibility of k and S follows from 
([9|), (fTO|) and (fT4|) . The pairing 5 is (— l)"'-symmetric, which follows from ([8]) and the compatibility with 
n. Thus, we obtain a twistor-TERP structure (F, V, S, n, —w). 

Hertling's vector bundle Let {H, i?^, V, P, —w) be a TERP-structure corresponding to a twistor-TERP 
structure {V,W,S,k,—w). Recall that Hertling constructed an integrable twistor structure (if, V) from a 
TERP-structure {H, iJ^, V, P, —w) by gluing H and 7*_ff via a map r. (See [7].) We do not recall r and his 
construction here, but H is naturally isomorphic to V O{0, —w) by the following correspondence: 

H = Vo< — >Vo<E)0{0,-w)q, a< — > a «) /^"'"""^ 

^ YVo ® 0(0, ^w)oo, l*b ^ 7*6 ® (%/^)"7iS'^'"^ 
According to T and 8J, {H, H'fi^,W , P,—w) is defined to be pure if (iJ, V) is pure of weight 0. They consider 
the hermitian pairing h of iJ"(P^, H) given by X" ■ P' o (1 (g)T), and (i/, H'^^, V, P, — ly) is defined to be polarized 
if h is positive definite. 

Lemma 2.13 (H, H'ff^,\7 , P, ~w) is pure (polarized), if and only i/ (V, V, 5, k, — ui) is pure (polarized). 

Proof The claim for purity is obvious. Let us consider polarizability. We have only to show that h is the 
hermitian pairing induced hy S :— S ^ ^o,.^™, under the identification of H and V (g) 0(0, ~w). 

Let a,b E _ff°(P^,_ff). Under the identification H^Cx = a-nd H^c^ = 1*H, the sections a and h oi H are 
determined by a o,\Cx ^n^d 7*6 := b^c,^- By definition, wc have 

h{a,b) = rP'{a,j*b) 

Let us look at S\Cx- Under the above identification, the pairing of a and b is given by 

5(a®/f--\a*(7*6® (y^)-4°'-"'))) =S{a,a*{^*b))-t^^^^S{a,rb)-t'^^^ ^■■So{a,fb) 

Let us compare X'"P'{a,j*b) and So(a,j*b). Since is the same as the identity Voo = "f* H — > 7*Vb = 
7*_ff, we have 

^^ic. = {^TirS o (1 ® a*Ac)|c, = {V^rS\c, 
Hence, we have the following equality: 

P'{a,fb) ■ t['^^ - P{a,fb) = S{a,,fb) ■ (^/^)'" = (V^)- • So{a,fb) ■ 1^'"'' = A— 5o(a,r&) • 4""' 

Thus, we obtain A"" • P'{a,j*b) = Sa{a,j*b). Therefore, S induces h. I 
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Family version The correspondence is generahzecl in the family case. We set H := V|Caxx- It is equipped 
with Ti?-structure V obtained as the restriction of Hy . As in the previous case, we obtain a flat C-anti-lincar 
isomorphism k' : -ff|c*xx — ^|c*xx and a flat pairing P : H' ® j* H' — > Ocxx- It is easy to check 
that {H,H'jf^,V ,P,—vj) is a variation of TERP structures. The converse can be constructed similarly. The 
correspondence preserves "pure" and "polarized", for which we have only to check the case in which X is a 
point. 

2.2 Basic examples 

2.2.1 Example associated to a holomorphic function 

Let be a holomorphic function on a complex manifold X. We set 

VQ:=Oc^xx-e, Vyo(e) = e-d(A-i -a), 

Voo := Oc.xxt • e^ Vy^(et) = • d{^Ji-^ ■ a). 

We put s := exp(— A~^a) • e and := exp(— /x~^a) • e\ which are flat sections of Vo|c*xjc and Voo\c''^xxt , 
respectively. A gluing $ : Fo|cjxx — Kx)|c* xxt is given by $(s) = s^, in other words, 

$(e) = exp(A^^a - ^J^~^a) ■ 

Let V be the C°°-bundlc obtained as the gluing of Vq and via <i>, which is equipped with TTiJ-structure. 
For each point P G X, the restriction V|pix{p} is isomorphic to Opi, and hence {y,Oy) is pure of weight 0. A 
real structure k is given by K{'y*e^) = e and K;(7*e) = e^. We can check that n actually gives a flat isomorphism 
j*V ~ y. A pairing S oi V with weight is given by e (g) a*e^ i — > t^^'' and e''' (g) a*e i — > . It is easy to 
check that S actually gives a symmetric flat pairing V (^a*V — > T{0)x- The compatibility of S and k can be 
checked by a direct calculation: 

Kt(o) o 7*5(7*e^ O 7V* e) = kt(o) (7* (^(e'f cr*e))) = KT(o)7*i2,^ = 4°^ 

5 o (k (g) cr*K)(7*e'f (g) (7*7*e) = 5(e (g) a*e^) = 

Hence, we obtain a variation of twistor-TERP structure denoted by L{a). It is polarized. The underlying 
harmonic bundle is given by the line bundle Ox ■ v with the Higgs field ■ v — v ■ da and the hermitian metric 
h{v, v) = 1, where v := e|{o}x The operators U and Q are U = —a and Q = 0. 



2.2.2 Example associated to unitary fiat bundles of rank one 

In general, a variation of pure polarized Hodge structures provides us with an example of variation of pure 
polarized integrable twistor structures. Any unitary flat bundle naturally gives a variation of pure polarized 
Hodge structures, and hence an integrable variation of pure polarized integrable twistor structure. 

In particular, we will use the following example. Let X := C" and D := Ui=i{-2» O}- Fo^' any a G R^, we 
have the unitary flat bundle 

Ox-D-e, Ve = e ■ (- a, ■ —^^ 

i=l ' 

The associated variation of integrable polarized pure integrable structures is denoted by L{a). 
More specifically, it is obtained as the gluing of the following meromorphic flat bundles: 

dzi 

ai ■ 

i=l 



Vo = Oc^x{x-D)-e, VvoC = e- (^-^a, 

i=l 

Voo = Oc^xixt-Dt) ■ e^ Vv^e^ = • (^a, ■ ^ 
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The gluing is given by $(e) = Y\i=i 1-^*1 ' ■ The pairing is given by S{e,a*e^) = 1. The underiying 
harmonic bundle is the line bundle Ox-d ■ v with 6 ■ v ^ and h(v, v) = Jli=i ? where v ~ s^{o}x{x-d)- 

The operators U and Q are 0. 



2.2.3 Example induced by nilpotent maps 

Let y be a complex manifold. We set X := C*^ xY, D = ULil^i = 0} x F. We put X := Cxx X and 
:= X X^ . We use the symbols V, y, T>^ and in similar meanings. Let go '■ ^ — ^ y and Qoo '■ — > 

denote the naturally defined projections. 

Let {V, D^) be a variation of P^-holomorphic vector bundles on x F with a tuple / of nilpotent morphisms 

f,:V ^V(g>T{-l), z = 

such that (i) [fi,fj] — 0, (ii) they are P^-holomorphic and D^-flat. We recall a construction of the variation 
of P-'^-holomorphic vector bundles on x {X — D) associated to (V, /) given in Subsection 3.5.3 of [18] with a 
minor generalization. (We considered the case in which y is a point in ^S.) 

We regard (F, Dy) as the gluing of a family of A-flat bundles (Vb,Bvo) on y, and a family of /^-flat bundles 
(yoo,D|, ) on 3^^'. We obtain a holomorphic vector bundle Vo := (/oVb on X ~ T) with a family of flat A- 
connections q^'^Va- We naturally identify f{Q)\x-v — Ox-v by the trivialization t^^K We also use the natural 
identification T(-l) (g) T(l) ~ T(0). We have the g*Dv„-fiat endomorphisms q^fi (g) G End(Vo). We obtain 
the family of flat A-connections on Vo given as follows: 



q^Bvo+J2'lof^^to^ — 



1=1 

Similarly, we obtain a holomorphic vector bundle Voo := <Z^14o on X^ — with a family of flat //-connections 
g^Dy . We have the ?^in)|/ -flat endomorphisms q'^fi ® t^oo G End(Voo). Hence, we obtain the following 
family of flat /x-connections: 

Tret * Tret , „* J- ^ AD 



"v. 



Let ■■ VoicjxY - Voo\c;xY denote the gluing. An isomorphism * : Vo|cjx(x-_d) — > Voo|c;x(xt-Dt) is 
given as follows: 

I 

^■.= ^vo exp(^ log . q*f, ^ V^t['^) (15) 

1=1 

By construction, 5* is holomorphic with respect to A. 

Lemma 2.14 o b(;^^ ^ o 

Proof We have the following expressions: 

< = 9o< + E^o/. ® , - <i*c.KL + i2i*^f^ ® (-v^iW)?i (le) 

2—1 2—1 

Because o Dy = bJ/ o ^y, we have the fohowmg: 



1=1 

^-(m^?)-««vci4 



(1)^ 
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Then, the claim of the lemma follows. I 

Let TNIL(y, B^, /) denote the variation of P^-holomorphic bmidles on {X — D) x obtained as the gluing 
of (Vo,DvJ and {V^,d\,J via 

Assume that (y, Dy) is equipped with a (— l)™-symmetric pairing S : {V,Di;)(g)a*{V,D^) — >T{-w) such 
that S{fi (g) id) + 5(id(g)cr*/i) = for any i. Then, we have the induced (— l)'"-symmetric pairing 

TNIL(5) : TmL(y,By , f) ^ a* TmL{V,Dy , f) — >T{-w). 

It is obtained as the gluing of the pairings 

So ■■Vo(g> a*Voo — > T{-w)\x-v, Soo ■ Voc (t*Vq — > T{-w)^xi -vu 

which are the pull backs of Vq a*Voo — > T(— and Voo <8) (J*Vo — > 'ir(— w)|c ■ (See Subsection 3.6.1 of 

m-) 

Enrichment Assume that (y,Dy) is enriched to a variation of integrable twistor structures (V,D()) such 
that fj are D^-flat, which is obtained as the gluing of (Vb, VyJ and {Voo,Vv^) via Then TNIL(V,Dy,/) 
is also enriched to the variation of integrable twistor structures TNIL(y, Dy , /), which can be checked by an 
obvious enrichment of the argument in the proof of Lemma 12.141 The TiJ-structure Vvo and the TE'-structure 
Vvoo are given by essentially the same formula as p6|): 

e t 

2—1 2—1 

If we are given a pairing S of (V, ID^) with weight w such that S o [fj (g) id) H- o (id (E'er* /j) — 0, we have a 
naturally induced pairing TNIL(5) of TNIL(1/, By , /) with weight w. Assume that we are given a real structure 
K of {V, Dy,S) such that k o 7*/, — fiO k. Because Kq o 7*(/i ® 4^') = (/» ® ^i^"*) ° ^Oj we obtain isomorphisms: 

:7*(Voo,Vv^) ^ (Vo,Vvo), «oo : 7*(Vo, Vvo) - (Voo, Vvo) 
The following diagram on {X — D) x C\ is commutative: 

To see it, we have only to remark 



oK = ^v° exp(^ log |^.(P)P • d) V^t^i ^j o K 

i=l 

n 

= K07*^'yioexp(-^log|z,(F)|2 .7*(/,® V^i^)) =^07*^-1 (17) 

Hence, we obtain the isomorphism TNIL(k) : 7* TNIL(l/,By , /) ~ TNIL(F, fjy , /). By construction, it is easy 
to check 

7* TNIL(k) o TNIL(k) =id. 

It is also easy to check the compatibility condition, if the original S and k are compatible. Therefore, we obtain 
a variation of twistor-TERP structures TNIL(V, EDy , /, 5, k, — w) on X — D from a variation of twistor-TERP 
structures {V,I])y ,S, k, —w) with / = (fi) as above. 
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Definition 2.15 Let (F, Uf;, /, 5) be as above. We set X*{R) := F x {(zi, z„) | < |z,| < i?} /or i? > 0. 



// there exists R > such that TNIL(V, Dy , /, 5)|pixx*(_R) is pure and polarized, it is called a twistor 
nilpotent orbit of weight w. 

If moreover (y,Dy) is enriched to a variation of integrable twistor structures (V,]D)y) such that fj and S 



e 



are M)y -flat, TNIL(T/,©^,/,5)|pi xX*{R) is called an integrable twistor nilpotent orbit of weight w. (Wt 
often omit to distinguish "integrable" if there is no risk of confusion.) 

• If moreover (V,Dy,5) is equipped with a real structure k such that k o j* f^ ~ fi ° the variation 

K, —w)^piy,x'{R) is called a twistor-TERP nilpotent orbit. I 

Remark 2.16 The notion of a twistor-TERP nilpotent orbit is different from "nilpotent orbit" defined by 
Hertling and Sevenheck. Their "nilpotent orbit" is called HS-orbit in this paper. I 

2.3 Convergence 

2.3.1 Complement on convergence of pure polarized twistor structures 

Let (y iS*^*-*) (i — 0, 1) be polarized pure twistor structures with weight of rank r. Let ft.*-'^ be the hermitian 
metrics of y^*-' corresponding to 5*-'^ and let rf*^*) denote the associated flat unitary connections of V''^\ which 

are equal to the natural connection given by holomorphic trivializations T^'*-' ~ 0®i . Let 9^ ■* denote the (0, 1)- 
part of d^'^\ which is the same as the holomorphic structures of V^^\ We fix a hermitian metric g of VL^i (BVL^i . 
Let $ : T^'"' — > T^'^^ be a C°° -isomorphism such that the following holds for some e > 0: 

(Al) -^'"^(0) g < e as a C°°-section of End(F(")) (g) ^2°'^ 

(A2) 1,^(0) < e as a C°°-section of Hom(y(o) «)cr*y(o),T(0)). 

(A3) -5("')|^(„) ^ = 1,^(0, < e as a C°°-section of iJom(F(o) ® T(0)) ® 

where d^'^^ denotes the induced holomorphic structure on Homiy'^'^^ ® (t*F^°'',T(0)). 

Lemma 2.17 There exists a constant Cq > 0, which is independent of e, with the following property: 

• IfB-^ ■ < < B ■ for some B > 1, the following holds: 

|$*dW-d(o)|^,„,^^<Co-i?2-e (18) 

Proof In the following argument, Ci denote positive constants independent of e. Let d^j^^^ denote the (1, 0)-part 

of d'*-', which are determined by ft.*^*^ and d^^\ To show ((T5)) . we have only to estimate j^j^'^d) — |/j(o)- 

Let ei, . . . , Cr be an orthogonal frame of y'"' with respect to h'-^\ Because (e^, ej) — <1>*5^^'' (ei®cr*ej) , 

we have the following estimate for any i,j: 



> a e, 
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Hence, we obtain 

a(r/iW(e„e,)) <Ci-e (19) 
g 

Let i9[°|, denote the (1, 0)-operator determined by <^*h^^^ and 5^°^ From B-^ ■ < /i(o) < B ■ and 

(fT9|) . we obtain 



17 



By - a^°\(o) < C3 • e and B-^ ■ < h'-"^ < B ■ ^*h^^\ we have 

Hence, we obtain |<I>*(9j^|j) — C'4 • B • e, which imphes 

l**C-5ia,L(o, <C5-i?'-e 
Thus, we obtain (HH). I 
Lemma 2.18 There exist constants eo > 0, Cio > and Cn > smc/i that the following holds if e < cq: 

|$*/i(i)_/,(0)|^^^^ <Cio.e (20) 

|<i>*d«-d("\,o, <Cii-e (21) 

Proof According to the result in Subsection 2.8 of ^T^, if eo is sufficiently small, (|20l) holds for some Cio. 
Then, we obtain dUl) from Lemma [^T71 I 

2.3.2 Approximation of pure polarized integrable twistor structures 

Let V('),5(')) (i = 1,2) be integrable polarized pure twistor structures. Let /i^'-* be the hermitian metrics 

of corresponding to 5^*). We fix a hermitian metric g of f^p'"(2 • + 2 • c») e f2p'i\ Let $ : — > V^^'> 
be a C°° -isomorphism such that the following holds for some e > 0: 

(Bl) |$*V(i) - V(") 1^(0) ^ < e as a C°°-section of End(y("') ® {^pi {'^ • + 2 • 00) © 17p'i^) . Note that it implies 
(Al) in Subsection [OH 

(B2) Conditions (A2) and (A3) are satisfied. 

Lemma 2.19 There exists a constant C'20 > 0, which is independent of e, with the following property: 
• IfB-^ ■ < /ifo) < 5 . for some B > 1, the following holds: 

|<i>*Z^(i) "^^"1,0, < C2o-B'-e, |$*qW - Q(0)|^,„, < C20 ■ ■ e. 



Proof In the following argument, Ci denote positive constants independent of e. By Lemma I2.18[ we have 
- d^°''\h{o) g<C2i- B'^ ■ e. We obtain the following estimate: 

• ($*Z^(i) -Zi(")) - (ci>*Q(i) - g(0)) - A • (ci>*Z^(i)t _z^(o)t)) . d\/\ 



< C22 • ^2 . e 



Then, the claim of the lemma follows. 

Lemma 2.20 There exist constants eo > and C30, such that the following holds for any < e < eo; 
Proof It can be shown by the argument in the proof of Lemma [2. 191 
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2.4 Variation of polarized mixed twistor structures and its enrichment 

2.4.1 Definitions 

Variation of polarized mixed twistor structures Let X be a complex manifold. Let (V,!!)^) be a 
variation of P^-holomorphic vector bundles on x X equipped with an increasing filtration W indexed by Z 
in the category of vector bundles, which is P^-holomorphic and D^-flat. If each Gr^ {V) is a variation of pure 
twistor structure of weight n, (V, W, D^) is called a variation of mixed twistor structures. Assume we are given 
the following data on (V, which are P^-holomorphic and B^-flat: 

• A tuple / of nilpotent morphisms fj : V — > V T(— 1) (j = 1, . . . , n), which are mutually commutative. 

• A (-l)^"-symmetric pairing S : V (g) a*V — > T{-w). 

• For each P e X, the restriction (V, /, iS)|pix{p} is a polarized mixed twistor structure of weight w in 
n- variables. (See Subsection 3.48 of [T^.) 

Then, such a tuple (V, ED^, M^, /, 5) is called a variation of polarized mixed twistor structures. Since W is 
determined by / as the weight filtration of /(n) := Yl^=i fj shift by w, we sometimes omit to denote W. 

Enrichment ^If and the P^-holomorphic structure are extended to TTi^-structure for which / and 
S are flat, (V, D'^, f^S) is called a variation of polarized mixed integrable twistor structures of weight w in 
n-variables. Note that W is automatically D^-flat. 

If moreover (V,D^,5) is equipped with real structure n such that k o 7*/j = fj o k, then such a tuple 
(V, D^, /, S, K, —w) is called a variation of polarized mixed twistor-TERP structures in n-variables. 

Remark 2.21 The notion of polarized mixed twister-TERP structure is different from "mixed TERP structure" 
defined by Hertling and Sevenheck (Section 9 of [8|j. I 

Split type Let {V, W, D^) be a variation of mixed twistor structures. It is called of split type, if it is equipped 
with a grading F = V,n such that (i) it is P^-holomorphic and D^-flat, (ii) W,n = 0p<„ Vp. Each {Vm, D^) 
is a variation of pure twistor structures of weight m. 

A variation of polarized mixed twistor structures of weight w in n-variables {V,W,IS>^ , f ,S) is called of 
split type, if the underlying variation of mixed twistor structures B^) is of split type with a grading 

V = ® Kn- By using iJ"(P^, C'pi(m)) = for any m < 0, we can show that the following: 

. fj{Vp) C Va-^TC-l). 

• The restriction of S to Vp (E) a*Vq is unless p + q = 2w. 

Similarly, a variation of polarized mixed integrable twistor structures of weight w in n-variables {V, W, D^, /, S) 
is called of split type, if the underlying variation of polarized mixed twistor structure is of split type with a 
B^-flat grading. 

A polarized mixed twistor-TERP structures {V, W,\7,f, S, k, —w) in n-variables is called of split type, if the 
underlying variation of mixed integrable twistor structures is of split type with a grading V = ^ Vm such that 

Kij*Vm) = Vn. 

2.4.2 Reduction 

Let (y, W, B^, /, S) be a variation of polarized mixed twistor structures of weight w in n-variables. We obtain 
a variation of P^-holomorphic vector bundles (V^^°',B(°)^) := Gr'^(y,B'^). It is naturally equipped with 
a grading F^") = ©Gr^(\/) and a filtration W^^ = 0p<m Grjf (\/). We have induced morphisms /j"^ : 
Gr^iV) — > Gr^_2(^) ® T(-l), and hence /j"^ : — > V^"^ ® T(-l). We also obtain induced morphisms 
>S(°) : Gi^_m{V) (E) a* Gr^+„(V^) — > T(-w), and hence S^^^ : V^°^ ® — > T{-w). It is known that 

(1/(0)^^(0)^ j(0)^ 5(0)) 

x{p} are polarized mixed twistor structures of split type with weight w in n-variables. 
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(See [H]. It can be shown directly and easily.) Hence, B^")'^, /^°\ 5^°)) is a variation of polarized 

mixed twistor structures of split type with weig ht w in n-variables. It is denoted by Gt^ (V, W,!}^ , f , S) . 

If (y, W, D^, f,S) is enriched to a variation of polarized mixed integrable twistor structures with weight w 
in n- variables, Gr^ {V,W,I1>^ , f,S) is also integrable. If moreover the variation of polarized mixed integrable 
twistor structures is enriched to a variation of polarized mixed twistor- TERP structures, Gr^ is also enriched 
to a variation of polarized mixed twistor-TERP structures of split type. 



2.4.3 Splittings 

Preliminary Let {Vi, W, D^) (i = 1, 2) be variations of mixed twistor structures onP^ x X with a morphism 
F : {Vi, W,]D>^) — > (^2, W,D^). We set (y/°\lD)f := Gr^(yi,Df ) on which we have the naturally induced 
mtrations W^°\ We also obtain induced morphism F^") : (f/''^ I^(°\ P^"^"^) — > iV^°\w^°\V)f^'^). The 
following lemma is standard. 

Lemma 2.22 The rank of F^^x,p) independent of (A,P) G P-'^ x X. The morphism F is strict with respect 
to the weight filtration. Hence, Kei F with the induced filtration W{KeT F) is a mixed twistor structure, and we 
have the isomorphism Keri^^"^ ~ Gr'^(Keri^). 

Proof If X is a point, the claims are well known and easy to show. Namely, it is shown in Lemma 2.20 of [T7] 
that (i) Ker(F) is a subbundle of Vi, (ii) F is strict with respect to the weight filtrations, i.e., F{Wi{Vi)) = 
F{Vi) n Wi{V2), (iii) Ker(i^) with the induced weight filtration is a mixed twistor structure. We obtain the 
isomorphism KerF^^^ ~ Gr^(KerF) from the strictness. 

Let us consider the general case. By using the flatness, it is easy to show that rankF|(i p) and rankF|^^'J-'p^ 

are independent of the choice of a point P E X. Then, the claim of the lemma follows. I 

Corollary 2.23 Let {Vi,W,^}f') {i ~ 0,1,..., m) be variations of mixed twistor structures with morphisms 
Fi : (Vq, W, D^) — > {Vi, W, D^) [i — 1, . . . , in). Then, we have the following natural isomorphism of variations 
of mixed twistor structures: 



p(0) 



Gr'^(plKerF) ~ {^"i^ev F^ 

1=1 i=l 

Here, ^ denote induced morphisms {V^°\w^^\0^a^^) — ' I^(°\ ^^). I 

Local splitting Let {V,W,Ii^) be a variation of mixed twistor structures. Let N = {Nj\j — !,...,(.) 
be a tuple of morphisms Nj : (y,VF, D^) — > (V,W^, D^) T(— 1) which are mutually commutative. Let 
(1/(0)^ VF(°\ ID^")^) be as above. Let N^^^ = [xf^ | j 1, . . . , £) be the induced commuting tuple of morphisms 

Xf : (F("),Ty("),©(")^) — ^ (T/("),Ty("),©(")^)®T(-l). 

We set V := Hom(F*^°\ V), which is naturally equipped with the operator and an induced filtration W . 
Let X j : {V , W, D) — > {V, W, D) T(— 1) be the morphisms of mixed twistor structures given by Xj{f) = Xj o 

f — f o ivj"-* . Similarly, we set v'^^^ := Hom(V^^°'', V^'^*'^) on which we have the naturally induced operator D*'^'''^, 

filtration and morphisms of mixed twistor structures xf^ : {v''°\w''°\b'-°^ ) — > (F^°\ D^°') (g) 

We have the natural isomorphism Gr^ {V) ~ V^^\ The induced filtrations and the morphisms coincide. 
According to Corollarv l2.231 we have the following isomorphism of variations of mixed twistor structures: 

Gr^(f|Ker]V,) ~ f|Ker]vf . 

Then, we obtain the following corollary. 



Corollary 2.24 Let (A,P) be any point of C\ x X, and let U be a small neighbourhood of {X,P). There exists 
a C°° -morphism F : V^"^^ — > V\ij with the following property: 
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• It preserves the weight filtration, and the induced morphism on Gv^ {V^^'^) > Gv^ {V\ij) is the identity. 

, Fo ivj°^ =NjoF for j ^ !,...,£. I 

C°°-splittmg Let {V,W,'B'^ , N) and {V^'^\W^"\'B^"^^ , N^°^) be as above. 

Lemma 2.25 There exists a C°° -isomorphism $ : V'^^^ — > V with the following property: 

• $ preserves the weight filtration W, and Gr^ $ is the identity Gv^ {V^°'^) = Gv^{V). 

• $ o Nf^ ^Njo^forj^l,..., e. 

Proof Let U C C\ be a compact region with U U (7{U) — P^. We take a locally finite open covering U x X C 
UpG/^p such that we have C°° -isomorphisms : — > V\u^ as in Corollarv l2.241 i.e., ^WpOTVj*'' = Njo^n^ 
for any j. Similarly, we take a locally finite open covering a{U) x C Uqej^j such that we have C°°- 
isomorphisnis : vl^l ~ V|^t as in CoroUarv 12.241 We take a partition of unity {xUpiXu'f \ p ^ Q ^ J} 
subordinated to the covering {Up,U^ | p G /, g e j} of x X. We obtain the C°°-isomorphism 

pel q£J 

By construction, it has the desired property. I 

3 Polarized mixed integrable twistor structure of split type 

3.1 Basic examples in one variable 
3.1.1 Rank two 

Let us recall a basic example studied in Subsection 3.7.2 of [IB] with a minor enrichment. We set V^'^^ := 
C(0, —1) ® 0(1, 0). (See Subsection 12. 1 .31 for 0{p, q).) It is naturally equipped with a meromorphic connection 
V'^l, and V^^l) is an integrable twistor structure. We put 

W^-2(^''l) := 0, VK_i(y[2])^j4^g(y[2]) .^0(0,-1), Wi{V^^^) := V^^l 
Let : yP] — , y[2] ^ ji^^i-^ be given by 

(a = 0,1,00), /f-i)^0. 
A flat morphism S^^^ : V^^^ a*V^^^ — > T(0) is given by the following correspondence: 

Recall that I^l ^ v^^^ fp] ^ ^-p] ) 

is a polarized mixed twistor structure of split type in one variable with weight 
(Lemma 3.90 of [H])- Hence, (F^^l, VF, V'^', F^^l , S'l^l) is a polarized mixed integrable twistor structure of spht 
type. 
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3.1.2 Twist 

The bundle V^I^l is obtained as the ghiing of V^'^ := ^\Cx ^'^^ '~ ' would like to explain a twist of 
the gluing given in Subsection 3.7.2 of [TH|, related with the construction in Subsection l2.2.3l Let N := F^^^i^t']^K 
Let V G V||^' for A 7^ 0,oo. The induced elements of V^"^}^ and V^j^ are denoted by v and ti^^, respectively. The 
gluing for V^'^^ is given by u = w^. For y £ C, a vector bundle kJ^' is given by the following twisted gluing: 

exp(\/— ly • ■ V = 

aturally indi 

S^y^ of (T?J^', Vlf' ) of weight 0. 



[21 [21 

Since N is flat, we have the naturally induced flat connection Vy of Vy . We also have the induced pairing 



[21 

For 2/ 7^ 0, we have a frame of Vy given as follows: 



-^y Jo 

■ ^ f (1^0) = _./TT„ . f (1.0) _ ,/TT„ . f (o.-i) 



In particular, {Vy , Vi^ ) is a pure integrable twistor structure of weight for any y ^ 0. If y is a positive real 
number, S^^ gives a polarization of (V"J^', vjf') (Lemma 3.91 of [H])- Actually, (i — 1,2) give an orthogonal 
frame: 

= y (^ = l,2), 4^] (~ ^ ) ^ 

[2] — [21 

Note that Vi, is logarithmic with respect to the lattice Vy . For any y 0, we have the decomposition 

y y y \ 

Here, c?y' is a natural flat connection of V^'^' ~ C'pi(O)® 2. Let us calculate Qp\ By easy calculations. 

Hence, Q'^' is expressed by the following matrix with respect to the frame 'si,^2'- 



X 1 

In particular, the eigenvalues are independent of y. 

Remark 3.1 For our application, we essentially need only the case in which y is a positive real number. 
Recall that we have considered a twisted isomorphism (I15p . We will use the above consideration by setting 

2/ = -ELilogNiP- ■ 



3.1.3 Rank I 

For any positive integer we set (FM,V[^1) := Sym^^^(V^[2l, V^^l), equipped with a morphism : V^l^l — s- 
^(-1) and a pairing S'l^l : V^^^ ® a*V^^^ — > T(0). For any y £ C, we obtain an integrable twistor 
structure , vlf' , S^y'^ ) with a pairing of weight 0, by the procedure in Subsection l3.1.2l It is also obtained as 
the {£ ~ l)-th symmetric product of (kJ^', vlf', S'^'^'). Hence, (^J^', Vy') is pure with weight for each y 7^ 0, 
and Sy gives a polarization for each y > 0. We have the decomposition 

Let y ^ 0. A frame of Vy^^ is given by symmetric products sjf' := • (p = 0, 1, . . . , ^ — 1), for which Q^^l 

is expressed by the diagonal matrix whose p-th entry is p {p ~ 0,1, ...,£— 1). In particular, the eigenvalues are 
independent of y. 
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3.2 Twistor nilpotent orbits of split type and their new supersymmetric indices 

3.2.1 One VEiriable case 

Let F be a complex manifold. Let (V, W, D^, N, S) be a variation of polarized mixed twistor structures of split 
type with weight in one variable on x Y. The following lemma is essentially the same as Corollary 3.97 of 

m- 

Proposition 3.2 There exist variations of polarized pure twistor structures {Ui, D^, S() of weight on P"'^ x y 
fore>l, such i/iai ('i; (F,]D)'^)~0^>i([/^,Df)(g)l/M, (ii) N = ^idu, (^F^*^^ anrf S* = 5*^ under the 
isomorphism. 

If {V,W,B'^,N,S) is enriched to be integrable, D^, S'^) are also integrable. 

Proof We have the grading V = Vj. For each j > 0, we set PVj := Ker(^N3+^ : Vj — > V-j-2<E)T{j + l 

It is a variation of pure twistor structure of weight j, and equipped with the induced polarization Sj. For i > 1, 
we set 

Ui -.^ PVe-i®O{0,-e+l). 

which are naturally variations of polarized pure twistor structures. Then, it is easy to observe that V has the 
desired decomposition. The integrable case is also easy. I 

Let q : Y X C* — > Y denote the projection. We obtain the variations of polarized pure twistor structures 
on P^ X (y X C*) obtained as the pull back of (Ug, Bf, Sg), denoted by q* {Ui^^f , Se). Recall the construction 
in Subsection 12.2.31 We obtain the following isomorphism from Proposition 13.21 

TNIL(t/, B'^,N,S) ~^q*{Ue, ©f , Se) (E) TNIL(fM , , , ) (22) 

e 

By using the result in Subscction l3.1i we can conclude the following: 

Proposition 3.3 We set X+ -.^ Y x {z e C \0 < \z\ < l} and X_ := Y x {z e C \\z\ > l}. Then, 
TNIL(F,D^,7V) is a variation of pure integrable twistor structures on Pi X U X^), and the restriction 
TNIL(y,D^, A^, S')|pixx+ ^■s o- twistor nilpotent orbit. I 

Assume that {V, D^) is enriched to integrable {V, D^) such that S and N are fi'^-flat. Let Q and be the 
new supersymmetric indices of TNIL(y, D'^, TV) and TNIL(V^t^l, V^^l, i^I^l), respectively. We also have the new 
supersymmetric index Qi of (f/^jD^ ). By construction, we have the following equality, under the isomorphism 

Q = 0(Q£®id + id®QM) 

e>i 

The eigenvalues of Q are easily calculable, once we know those of Qi. In particular, we obtain the following. 

Corollary 3.4 The eigenvalues of Q\q-i-{y) are constant for any y € Y , where q : U X-) — > Y denotes 
the projection. I 

3.2.2 Several variable case 

Let (V, py. By , AT, S*) be a variation of polarized mixed twistor structures of split type with weight in n- 
variables on P^ x Y. We have the associated variation of twistor structures TNIL(V, , AT, S) with a pairing 
of weight on (C*)" x Y. We set X* = {(zi, . . . , z„) G C" | < \z,\ < l} x F. 

Proposition 3.5 TNIL(y, Dy , AT, S')|pi 

xx* is a twistor nilpotent orbit. 

Proof For any a e Rya, we set N{a) := ' ^i- We obtain a variation of mixed polarized twistor 

structures {V,W,^^ , N{a), S) of split type with weight in one variable on P^ x Y. Applying the result in 
Subsection [3T31 to {V, W, , iV(a), S), we obtain the desired property of {V, W, , AT, S). I 



23 



Definition 3.6 An (integrable) twistor nilpotent orbit is called of split type, if it is associated to (integrable) 
polarized mixed twistor structures of split type. I 



If {V, W, Dy , N, S) is enriched to integrable {V, W, Dy , N, S), the associated twistor nilpotent orbit is also 
enriched to integrable TNIL(V, Dy , TV, S). Let us consider its new supersymmetric index Q. For any a G -R"o' 
we set N{a) := X]"=i ' ^i- According to Proposition 13.21 there exist variations of polarized pure integrable 
twistor structures {Ua,e,V>'^ ^) for ^ > 1 such that 

{V,D^,N{a)) ^ 0(C/„,,,D^J « (yW, vM,fM). 
e>i 

Lemma 3.7 For any a,b £ Ryo, we have an isomorphism (Ua^e,^a e) — {^b,e,^h'e) ■ 
Proof Let V — be the splitting. For any a G -R>o and j > 0, we set 

(Py,-„,D^) Kcr(7V(a)^+i : {Vj,B^) (y_,_2, B^) ® T(-j - 1)) 

We have only to show that {PVj^ai^'^) and (PT/,_5, D^) are isomorphic, if b is sufficiently close to a. 

We set (Y,-,„,D^) = lm(^N{a) : (V,+2,B^) <E) T{1) — > (V,-,!])^)^ Then, we obtain the flat splittings 

{Vj,B^) = (PV,-,a,D^) ® (Y,,a,D^). If b is sufBciently close to a, flat isomorphisms PVj,a — > PVjm are 
induced by inclusions and projections. Thus, we are done. I 

By Lemma 13.71 and the result in Subsection 13.2. 1[ the eigenvalues of Q are easily calculable once we know 
the new supersymmetric indices of {Ua,e,^a e) ^ ^ -^>o ^^"^ i> 1- In particular, we obtain the following. 

Corollary 3.8 The eigenvalues of are constant for any y £ Y, where q : X* — > Y denotes the natural 

projection. I 

4 Integrable twistor nilpotent orbit 

4.1 Statements 

4.1.1 Twistor nilpotent orbits and polarized mixed twistor structures 

Let y be a complex manifold. Let (V, Dy ) be a variation of P^-holomorphic vector bundles on x F equipped 
with the following P^-holomorphic By -flat data: 

• A (— l)'^-symmetric pairing S : V (E) (J*V — > T(— w). 

• A tuple TV of nilpotent morphisms Nj : V — > V^T{—1) {j — 1, . . . ,n), which are mutually commutative. 

• S{Nj (g) id) + S{id(E)a*Nj) = for j = 1, . . . , n. 
For simplicity of the statement, we assume the following: 

• F is contained in another complex manifold Y' as a relatively compact subset, and (V,Dy,S', TV) is 
extended on Y' . 

We set X*{R) := {(zi,...,z„) | < R} xY. 

Theorem 4.1 {V,By,N,S) is a variation of polarized mixed twistor structures with weight w in n-variables, 
if and only if TNIL(T/, Dy , TV, S')|pi 

xx*(i?) 'is a twistor nilpotent orbit with weight w for some R> 0. 
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Note that the "if" part follows from Theorem 12.22 of [TS]. The "only if" part immediately follows from 
Proposition 14.41 below and a result in Subsection 2.8 of [19]. (We apply Proposition 14.41 to each point of Y' .) 
The one dimensional case was proved in Proposition 3.105 of [18] . Such an equivalence for Hodge structure was 
established by Cattani-Kaplan-Schmid and Kashiwara-Kawai. 

Corollary 4.2 Let {V,Oy,N,S) be as above. 

• Assume that is enriched to integrable (y,Dy) such that N and S are flat with respect to Dy. 
Then, {V,By,N,S) is a variation of polarized mixed integrable twistor structures with weight w in n 
variables, if and only i/TNlL(y,I])y , TV, S')|pixx*(_R) ^■s integrable twistor nilpotent orbit for some R> 0. 

• Assume moreover that (VjDyjS') is equipped with a real structure k which is compatible with N. Then, 
{V, By , TV, S, K, —w) is a variation of polarized mixed twistor-TERP structures if and only if the associated 

is a twistor-TERP nilpotent orbit on X*{R) for some 

Remark 4.3 As the one variable case of Corollary 14. 2^ we obtain the correspondence between twistor-TERP 
nilpotent orbits and polarized mixed twistor- TERP structures. This is different from the correspondence between 
mixed TERP structure and HS-orbit in the regular singular case established by Hertling and Sevenheck and 
0). I 



4.1.2 Construction of an approximating C°°-isomorphism 

Let (y, W, D^, TV, S) be a variation of polarized mixed twistor structures of weight in n- variables on x Y. 
As explained in Subsection 12.4.21 we obtain a variation of polarized mixed twistor structure of split type 
(y(o)^]4/(o)^in)(o)A^^(o)^^(o)^ by taking Gr with respect to the weight filtration. We obtain the families of 

Pi-holomorphic vector bundles {V^,B^) := TNIL(V", D^, TV) and (V^"'^, D^o)^) := TNIL(y(°) , B^")^, TV(°)) 
on (C*)" X Y. They are equipped with the induced pairings S and 5*^°'. By the result in Subsection 13.2.21 
(V*^°-', D(°)^, iS'"') is a variation of polarized pure twistor structure on x X*{1). Let h'^^^ be the corresponding 
pluri-harmonic metric. 

We take a C°° -isomorphism $ : T^'"^ — > V as in Lemma [2.25| i.e., it satisfies (i) $ o TVj^°^ — Ni o ^ for 
i = l,...,n, (ii) $ preserves the weight filtration W, and Gr'^ $ is the identity of Gr^(y(o)) = Gt^{V). By 
the property (i) for <i> and the construction of and V^"-*^, we obtain a naturally induced C°°-isomorphism 
$ : v(")^ > V^. 

Let SyA pi denote the P^-holomorphic structure of V^. We use the symbol 9y(o)A pi in a similar meaning. 
We obtain the following C°°-section of End(V(°)^) «) on P^ x X*{1): 

F := 9y(o)A pi — $*(9v^,pO 

We also obtain the following C°°-morphism: 

G := 5^") - $*5 : V^^^^ ® a*V^°'^^ — > T(0) 

We fix a Kahler metric g of P^. Although the following proposition looks rather auxiliary, it means that 
(V(o)A^p(o)A^^(o)) approximates (V^,D'^,5) via $ around P^ x {0} x Y. We wiU prove it in Subsection gXH 

Proposition 4.4 For any P Cz Y , there exist a positive constant Rp > and a neighbourhood Up of P in Y 
such that the following estimate holds P^ x . . . , z„) | < \zj\ < Rp} x Up: 

n 

i^L<o,„=o(5:(-iog|z,i)-^/^) 

n n 

|GL(o, =o(^(-log|z,|)-'/'), |9y<o,A,piG|,<,,_^ = o(^(-log|z,|)-'/') 
J=l J=l 
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4.1.3 Estimate of the new supersymmetric index 

Assume tliat {V,By,N,S) is cm-ichcd to integrable {V,I])y , N, S). By taking Gr with respect to the weight 
filtration, we obtain a polarized mixed integrable twistor structure of split type T4^(°\ Dy^^, A/''-^-', 5'^°^) . 

Let (V,i^,5) = TmL{V,B^,N,S)^r^^x'iR) and (V^, D^^, ^C)) = TmUV^^) ,&°\ N^°\ S^^^.^x-^ 
be the associated nilpotent orbits ('Corollarv l4.2p . Let Q and h (resp. and denote the new supersym- 

metric index and the pluri-harnionic metric of (V,]D)^,5) (resp. (V'"-' , D'"'^, 5'-°))). We will prove the following 
proposition in Subsection 14.2.21 

Proposition 4.5 Let $ : V^''^ — > V be a C°° -isomorphism constructed in Subsection 14.1.21 For any P <^Y, 
there exist R > and a neighbourhood Up of P in Y such that the following estimate holds with respect to h^^"^ 
on X {(zi,...,z„)|0< <R} X Up: 

n n 

$*/i-/.(")^o(^(-log|z,|)-^/'), $*Q-Q(o)=o(^(-log|z,|)-^/') 

In particular, the eigenvalues of Q\q-i-{y) are constant up to O^^"^-^ (— log jzij) for some S > 0, where 
q : X*{1) — > Y denotes the natural projection. 



4.2 Proof 

4.2.1 Proof of Proposition 

Let C > 0. Fix P ^ Y. In the following, we will shrink Y instead of taking a neighbourhood Up, for simplicity 
of description. We set 

ZiC) {(zi,...,z„) e {C*r\\z,f < |z,+i| < 1, z = l,...,n-l} x Y. 

It is easy to observe that we have only to estimate F, G and 9y(o)A piG on x Z{C). For m = 1, . . . ,n, we 

put A^(°)(m) := J2i<m^l°^- Let W{m) denote the weight filtration of induced by iV("'(m). Recall that 
the filtrations W(l), W^(2), . . . , W{n) are compatible (Lemma 3.116 of 18J). 

We take a compact region U C Cx such that the union of the interior parts of U and a{U) cover P^. Let 
V = (vi) be a frame of V|^^^ compatible with W^(l), M^(2), . . . , W{n). For to = 1, . . . , n, we set 



We formally put fco(i^i) = 0. 



kM :=^deg^(^)(z;,). 



Lemma 4.6 Let A be determined by ^ o d^^v — v ■ A. Then, Aij = unless km{vi) < km{vj) (to — 
1, . . . ,n- 1) and kn{vi) < kn{vj). 

Proof Because of our choice of $, it preserves the filtrations W{rn) {m ~ 1, . . . , n), and Gr^*'--' $ is holomor- 
phic. Then, the claim of Lemma l4!6l immediately follows. I 

Let qo : C\ x X*{1) — > C\ x F be the projection. Recall ^\c%.x*(i) ~ ^o^o- Let Vi be the section of 
'^\u-kX'{i) induced by Vi, and we put 

n n— 1 / 1 I I \ — fem(t'j) 

• ll(-logl^ml) =V,- 11 ( lo U I ) ■(-l0g|z„|) 
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Due to the norm estimate for tame harmonic bundles (Theorem 13.25 of [H]), the C°°-framc v' = {vj) is 
adapted to the metric /if^"^ on Z{C), i.e., the hermitian matrix-valued functions H = and H^^ are 

bounded on Z{C). Let A' be the matrix-valued function determined by Fv' = v' ■ A'. Then, we have 

Hence, we obtain ^ = log |z„|) ^^^^ . It implies the desired estimate for F onU x Z{C). Similarly, we 

obtain the estimate on (t{U) x Z{C), and thus on x Z{C). 

Let to be a frame of V|CT(z^)xyt compatible with the filtrations 14^(1), W(2), . . . , W{n}. For m = 1, . . . , n, we 
set ^ 

krn{wi) := -deg^^—\wi). 

We formally put fco(w,) = 0. We set Gq := - : (g) cr*y(°) — > T(0). 

Lemma 4.7 Go{vi, (j*Wj) — unless the following holds: 

km{vi) + kmiwj) > (to = 1, . . . ,n - 1), fc„(wi) -I- fc„(?i;j) > 0. 

Proof By the relation S{N, (g) id) -I- S'(id(X)cr*(A'^j)) = 0, we have S{Wp{m) (g) a*Wq{m)) = unless p + q>0. 
We have similar vanishings for S^'^\ Note that $ preserves the filtrations W{rn) ior m — 1, . . . ,n, and Gr^^--* $ 
is compatible with S and 5"*^°). Thus, we obtain the claim of Lemma l¥771 I 

Let Qoo ■ Cfj, X X*{iy — > C X be the projection. Recall '^\c%.x''(i)'i ~ ^oo^oo- Let Wj be the section 
'^^ '^\a^(U)y.x *(!)'< induced by Wj, and we put 

n/ -logjzj \ / , I \\^k,,(^j) 

( -log|z.-..l ) -(-logl-"!) 



m— 1 



m+l| 



Note the following: 

G(.>*^.;.) = Go(.„a*^,) X n ( /"g'""-' ) . (-log|z„|)-^"(-)-'="("^) 

Hence, we obtain |G|^(o) = 0( (— log|z„|) ^^^V Similarly, we obtain the estimate for |9y(o) piG|. Thus, the 



proof of Proposition 14.41 is finished. The proof of Theorem 14. II is also finished 



4.2.2 Proof of Proposition l475l 

We have the decompositions = + Va and D'^'^^^ ~ lOyj^ -f V^°^ By an argument used in the proof of 
Proposition 14.41 we obtain the following estimate with respect to /i'"': 

n 

$*V.-Vi°)=o(^(-log|z.|)-^/^) 

i=l 

Then, Proposition 14. 51 follows from Lemma [2.201 with Proposition 14.41 I 



5 Family of meromorphic A-flat bundles 

We will review some results on family of meromorphic A-flat bundles mainly explained in Sections 7 and 8 of 
[l9| . See also [16] and for the earlier works on asymptotic analysis of meromorphic flat bundles. 
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5.1 Good lattice in the level m 
5.1.1 Preliminary 

Good set of irregular values in the level m Let :— {{zi, . . . , z^) | \zi\ < 1, i = 1, . . . , denote the £- 
dimensional multi-disc. Let X := x F for some complex manifold Y. Let Di := {zi = 0} and D := [jl^i Di 
be hypersurfaces of X. Let M{X,D) (resp. H{X)) denote the space of meromorphic (resp. holomorphic) 
functions on X whose poles are contained in D. For m — (mi, . . . , mi) g if , we put := H^^i 2:™'- 

Let m G — {0}. A finite set X of meromorphic functions {a — am, ■ 2;'"} C M{X, D) is called a good 
set of irregular values on {X,D) in the level m, if the following holds: 

• am are holomorphic functions on X . 

• cim — i'm are nowhere vanishing holomorphic functions on X for any two distinct a, b G X. 

Let i{0) be the integer such that mi(o) < 0. If moreover the following condition holds, T is called a good set of 
irregular values on {X, D) in the level (m, i(0)). 

• am are independent of the variable Zj(o) for any a G X. 

Remark 5.1 The first condition is not essential. If we do not impose it, the third condition should be replaced 
with that ttm — bm o^tc independent of Zj(Q) for any a, b G I. I 

Multi-sectors and orders on good sets of irregular values in the level m Let X :— x Y for some 
complex manifold Y. Let Di := {zi = 0} and D :— [jl^i Di be hypersurfaces of X. Let /C be a region of Cx or 
a point in C\. (For Definition 1 5. 4[ we may admit /C = {0}. Since we do not have to consider Stokes structure 
in this case, we exclude it in the following.) The product K. x X is expressed by X. We use the symbols like 
y and T) in similar meanings. We put W -.^ V U ({0} x X) in the case G /C, and W := V otherwise. Let 
TT : X{W) — > X denote the real blow up of X along W . 

In this paper, a sector of a punctured disc A* means a subset of the form {z | < |2;| < R, Oq < arg(z) < 81} 
for some 9q < 9i. It may be standard to admit the case 16*1 — 9q\ > 2tt, but we do not care about it. 

By a "multi-sector of A" — W^" , we mean a subset of the following form 

£ i 

U x^S^xV, or X J]^ 5, X 

i=\ i=l 

• U denotes a compact region in /C. (If /C is a point, U = JC.) 

• Sx denotes a sector of /C — {0}. (If ^ /C, we do not consider the subsets of the second type.) 

• Si denote sectors of A* . . 

• V denotes a compact region in Y . 

For a multi-sector S, let S denote the closure of S in X{W). 

Notation 5.2 Let M.S{X — W) denote the set of multi-sectors in X{W). For any point P G X{W), let 
AiS{P,X — W) denote the set of multi-sectors S such that P is contained in the interior part of S. I 

Let I be a good set of irregular values on {X, V) in the level m. We put Fa,h '■= — Re(A~^ • (a— b)) • |A| • j^;""*! 
for any distinct a, b G X. They determine the C°°-functions on X{W). 

Notation 5.3 Let A be any subset of X{W). We say a <a b for (a, b) G 1^ if Fa,b{Q) < for any Q £ A. 
We say a <a b for (a, b) G if either a <a b or a = b holds. The relation <a gives the partial order of 2. 

We use the symbol <p in the case A = {P}. For a multi-sector S, we prefer the symbol <s We also 

use <g and <p when we emphasize the twist by . I 

For any point P G Tr~^{W), there exists Sp G A4S{P, X — W) such that the relations <p and <Sp coincide. 
Let MS{P, X -W,I) denote the set of such Sp. (The definitions of MS{P, X ~W,I) is slightly different from 
that in [111. ) 
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5.1.2 Good lattice in the level m 

Let F be a complex manifold with a simple normal crossing divisor D'y Let X := x Y, D^.i := {zi = 0} 
and Dz := lJi=i ^z,i- We also put Dy ■= x D'y and D := DzU Dy- Let /C be a point of C*^ or a compact 
region in C\. We put X := JC x X. We use the symbols 3^, V^, V in similar meanings. Let p\ denote the 
projection forgetting the /C-component. The completion of X along Vz is denoted by Vz- (See [T], and [TS] 
for completion of complex analytic spaces.) We use the symbol D in a similar meaning. Let dx denote the 
restriction of the exterior derivative to the X-direction. 

Let i? be a locally free OA'-module with a family of meromorphic flat A-connections B : E — > E®p\p}^{*D) . 
Let m e Z^Q and i(0) G [1, /c] = {1, . . . , A;}. We put m(l) := m + ^^(o) • 

Definition 5.4 We say that (-E,©) is an unramifiedly good lattice of a family of meromorphic X-flat bundles 
in the level (m, i(0)), if there exists a good set of irregular values X in the level (m, z(0)) on {XjVz), and a 
decomposition 

(£;,D)|^^ =0(^„,D,) (23) 

ael 

with ord(Bc - dxa) > m(l) in the sense (fio - dxa)Ea C 2;™(i) • Ea ® P*x^]{{'^ogD) . 

The decomposition (j23p is called the irregular decomposition in the level {m,i{0)), (or simply m). We also 
often say that (i?,©) is a good lattice in the level (m, z(0)) for simplicity. I 

In the case € /C, we put X'^ {0} x X and I?" := {0} x Dz- By shrinking X, we obtain the irregular 
decomposition {E,'B)^x<:' — ®aei(-^a-^°' '^a) whose completion along is equal to the one induced by 
It is uniquely extended to the D-flat decomposition on the completion A"" of X along 

(£;,B)|^o -0(^„,^o,fia) 
ael 

We put W := X^ U Vz- Let W denote the completion along W. We obtain the decomposition: 

(i?,©)|^^ = 0(^„5^,D„) (24) 

The decomposition is also called the irregular decomposition in the level (m, i(0)) if G /C. 

In the following, we formally set W := Vz, ii i) ^ K.. Let tt : X{W) — > A" denote the real blow up of X 
along W . Let Oz be the origin of Aj, and we put 3 T^^^iOz x 3^). We consider the case that Y — A" and 

D'y '■— Uj=i -^Cj' where := {Cj = 0}. The restriction of D to the A^-direction is denoted by Oz- 

Stokes structure in the level m For any multi-sector S in X — W , let S denote the closure of S in X{W), 
and let Z denote S n ■n^'^{W). The irregular decomposition ([24|) on W induces the decomposition on Z: 

(i?,©)|g-0(^„,Dj|g (25) 
oei 

We put := ®b<ga ^b\z^ ^"^^ thBn we obtain the filtration of E^-^ indexed by (l, <s)- We can show the 
following proposition. (See Subsections 7.2.1 and 8.1.1 of fTH].) 

Proposition 5.5 For any point P G 3; there exists S G M.S{P, X ~W,X) such that the following holds: 

• There exists the unique O-flat filtration of E^-^ indexed by (X, <s) such that = J-^ . Moreover, if 
a Bz-fiat filtration T'^ of E^g indexed by {X, <s) satisfies T'J = , then T'^ ^ . 

• There exists a ^z-flO't splitting of J-^ on S. Note that if we take such a splitting, the restriction to Z is 
the same as (|25p . 
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We call the Stokes filtration of [E^H) in the level m. I 

Notation 5.6 For any P e 3, let MS* {P, X — W,I) denote the set of S e MS{P,X — W,X) as in Proposition 
[531 Let MS*{X - W,I) denote the union ofMS*{P, X - W,I) for P £ ^. I 

The following lemma is clear. 

Lemma 5.7 Let S,S' E MS{P,X - W,I). Assume (i) S' C S, (ii) S E MS*{P,X -W,I). Then, S' E 
MS*{P,X — W,I). The filtration T^' is the restriction of . I 

Compatibility of the Stokes filtrations Let S,S' E MS*[X — W,I) such that S' C S. The natural map 
(T,<s) — > {X,^S') is order-preserving. We can show the following lemma easily by using Proposition 15.51 
(See Subsections 7.2.2 and 8.1.2 of [19 .) 

Lemma 5.8 The filtrations and are compatible with respect to (X, <s) — > {T, <s') *^ the following 
sense: 

• The induced morphisms Gr^ {E^s)\s' — *■ Gr;^ iE\s') isomorphisms. 
Ln particular, we have {E^-g)^-^' — [E^-gi), if (X, <s) — > (X, <s') is isomorphic. I 

Splitting with nice property We have the induced morphisms ReSj(D) : E^-p^ j — * z^'^^^ ■ Eyi,^ . for 
j = 1, . . . ,£. Since F^ is D-flat, ReSj(D) preserves ^\x>( • If fix the coordinate, we have the induced family 
of flat A-connections of E^-p^ ^ which is denoted by •'D. It also preserves the filtration ^yp^; • E {j = 1, . . . ,£) 
be filtrations of E^-p^ j, which are preserved by the endomorphism ReSj(D) and the flat connection of E^-p^ y 
We can show the following (Subsections 7.2.3 and 8.1.3 of [TO]). 

Proposition 5.9 Let P G 3- There exist S E MS*{P,X — W,X) and a B^-flat splitting of the filtration F^ , 
whose restriction to S C] T>qj is compatible with ReSj(D) and the filtrations ^ F for j — 1, . . . ,£. I 

Under some more assumption, we can take a D-flat splitting. (See Subsection 7.2.3 of [19].) 

Proposition 5.10 Assume that IC is a point or a compact region in C\. Assume that the eigenvalues a, (3 of 
ReSj(D-^)|£)^.x{A} satisfy a — /3 ^ (Z — {0}) for any j = !,...,£ and for any X E IC. Then, we have a H-flat 
splitting of F^ , whose restriction to is compatible with ^ F for each j — 1, . . . ,£. I 

Some functor iality of Stokes filtrations We explain functoriality of Stokes filtrations. See Subsections 
7.2.4 and 8.1.4 of \19^ for more details. 

In general, when we are given vector spaces U C V, let denote the subspace of the dual given by 
U-^ = {f E I f{U) = O}. It is naturally generalized for vector bundles. Let {E, DjX) be an unramifiedly good 
lattice of a family of meromorphic A-flat bundles in the level (m,i(0)) on {X,T>z). Let S E M.S*{X — W,X). 
We have the following for any ael^ := { — b|beX}: 

(S) = E (^15) 
\c2s-o 

Let {Ep,Dp,Xp) {p = 1,2) be good lattices of families of meromorphic A-flat bundles in the level (m,i(0)). 
We assume that Xi ® X2 ■= {ai + 02 | e Xp} is a good set of irregular values in the level (m, z(0)). We put 

{E,D) {Ei,Oi) ® {E2,B2)- Let 5 E flp^i 2 -^'5* (-^ ^ W,Xp). We have the following for each a E Xi®X2: 

^'AE\s) - E (^1|S) ® K (E2is)- 

ai+a2<sa 
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Assume that X10X2 := I1UX2 is a good set of irregular values in the level (m, i{O j). Let S G r\p=i 2 -MS* {X— 
W, 2p) . We have the following for each a € Xi X2 : 

Let F ; — > (i?2,ID'2) be a flat morphism. For simplicity, we assume that Ti UT2 is a good set of 
irregular values in the level (m,i(0)). 

Lemma 5.11 Let S € np=i 2 •'^'^* ('^ ~ W,Ip). The restriction F^-g preserves the Stokes filtrations. As a 
result, we obtain the following. 

• If the restriction of F to X ~T> is isomorphic, we have X\ — 12 and J-^ {Ei^syo) — -^.f (£'2|S\•D)• 
• In particular, the Stokes filtration depends only on the family of meromorphic X-fiat bundles 

in the sense that it is independent of the choice of an unramifiedly good lattice E C E{*V) in the level 
(m,z(0)). I 

The associated graded bundle in the level m For sectors S E AiS*{X — W,T) and each a G X, we 
obtain the bundle Gi^{E^-g) on S associated to the Stokes filtration in the level m. By varying S and 

gluing Gr^(£'|-g), we obtain the bundle Gr'^{E^y^y^^) on V(H^) with the induced family of flat A-connections 

Du, where V denotes some neighbourhood of Oz x 3^, and V(W^) denotes the real blow up of V along n V. 
It is shown that we have the descent of Gr^(£'|yjj^^) to V, i.e., there exists a locally free sheaf Gr'^{E) on V 
with a family of meromorphic flat A-connections Da: such that 

7r-\GC{E),Ba) ^ (Gr-(ii;|^(^)),©„), (Gr-(i?), ©a)|f^nv ^ (^-Sa)|t?nv 
(See Subsection 7.3 and Subsection 8.1.5 of [19 .) If we set Da — dxa, we have 

d;^;^ c ^"^(1) • Ea(g>pin],{iogD). 

We give some statements for functoriality. See Subsections 7.3.2 and 8.1.6 of for more details. 
By taking Gr of the Stokes filtrations of (i?^,D^,X^), we obtain the associated graded bundle Gr'"(i?^) — 
®oei^ GrJ^(£'^). We have the natural flat isomorphism 

GrJ^(£;^) ~ Gr":'„(i;)^. (26) 



Actually, by construction, we have such an isomorphism on the real blow up, which induces 

Let {Ep,Wp,Tp) {p — 1,2) be unramifiedly good lattices of families of meromorphic A-flat bundles. Assume 
Xi (X)X2 is a good set of irregular values in the level m. Let {E, D) :— {Ep, Di) (g) (£^p, D2). We have the following 
natural isomorphism for each a € Xi ig) X2 : 

GrT{E)^ Gr-(£;i)®Gr-(i?2) (27) 

(ai,02)eIlXl2 

ai+a2=a 

Assume Xi © X2 is a good set of irregular values in the level (m, i(0)). For each a € Xi © X2, we obviously have 

Gr^(i?i ®E2)- GCiEi) © GdE^). 

Lemma 5.12 Let F : {Ei,B)i) > (i?2,D2) be a flat morphism. Assume Xi © X2 is a good set of irregular 

values in the level (m, i(0)). We have the naturally induced morphism Gt^{F) : Gr^(£'i) > GrJ^(i?2). If 

the restriction Ei\x-V ^ E2\x-V is an isomorphism, the induced morphism 

GC{Ei) (g, 0{*V) ^ GaE2) (g> 0{*V) 

is an isomorphism. 

Hence, the associated meromorphic flat bundles (Gr'^ {E)i^O{*T>), ID „) are well defined for the meromorphic 
flat bundle {E{*V),0). I 
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A characterization of sections of E Let Wa be a frame of Gr^(£'). Let S G MS*{X — W,T), and let 
E\s ~ ® ^a.s be a D^-flat splitting of the Stokes filtration . By the natural isomorphism i?a,s — Gr^(i?)|g, 
we take a lift lOa.s of lOa- Thus, we obtain a frame 105 = (iA'a,s) of^is- The following proposition is clear, which 
implies a characterization of sections of E by growth order with respect to the frames Ws {S E A4S* {X ~W,I)). 

Proposition 5.13 Let v be a frame of E, and let Gs be determined by v — ws ■ Gs- Then, Gs and G^^ are 
bounded on S . I 



Complement on the induced fiat connection along the A-direction Assume that we are given a 
connection along the A-direction Va : E — > E ® Vl]^{^W) such that B-^ + Va is a meromorphic flat connection 
oiE. 

Lemma 5.14 The Stokes filtrations are fiat with respect to Va, and we have the induced meromorphic fiat 
connection Va along the X-direction on Gt^{E). 

Proof Take N such that X^'\7x{dx)E C E (g) Oxi^T)). Let Ws = {wa,s) be a frame of E^g as above. Let 
A = {Aa^b) be the matrix-valued holomorphic function on S determined by \^'V{d\)ws — ws ■ A. By using 
Proposition l5.13l we can show that Aa^b are of polynomial order. 

Let Ba be the matrix-valued meromorphic one-forms determined by I]>a.zWa = Wa ■ {d^a + B^). Note that 
z~'^^^^Ba is logarithmic. By the commutativity [D-'', Va] — 0, we obtain the following relation for a ^ b: 

A • d.Aa^b + {dz{a - b)) • A^^b + (Aa^bBb - B^A^^b) = (28) 

By applying the results in Subsection 4.3 of [19] to ([28]) . we obtain Aa,b — unless a <5 b, which implies the 
first claim. Since Aa.a is of polynomial order, the induced connection along the A-direction is meromorphic. I 

Prolongment of morphisms Let {Ep,'S])p,Tp) {p — 1,2) be good lattices in the level {m,i{0)). Assume 
that Ii U I2 is a good set of irregular values in the level (m, i{0)). Assume that we are given a flat morphism 
F : {Ei,'Di)^x-v^ — * {E2,^2)\x-v^ with the following property: 

• For each small sector 5* e A4S{X — Vz-Ii UX2), the Stokes filtrations are preserved by F\s- 

• The induced maps Gr^(i^) : Gi^^iE^^x-v. — * Gr^(£:2)|A'-D, are extended to Gr^(£;i) — > Gi'^{E2) 
for any a G Xi U X2 . 

Lemma 5.15 F is extended to a morphism Ei — > E2. 

Proof Let Wp^s = {'Wp.a,s) be frames of E^^g as above. Let A = {Aa^b) be determined by F{wi^s) = '"'2,5 ■ A. 
By the assumption, Aa^b = unless a <s b, and Aa.a is bounded. By applying an argument in the proof of 
Lemma [5. 141 to Aa^b for a <s b, and by shrinking X, we obtain Aa,b — 0(exp(— e|A~^ • on S Ci {X — V^). 

Then, the claim follows from Proposition [STTS] I 

5.1.3 Pseudo-good lattice in the level m 

Let F be a complex manifold. Let X := A^' x D^^i := {zi = 0} and D := lJi=i Dza- Let i5 be a locally free 
Cx-module. For simplicity, we consider a meromorphic flat connection V : E — > E (g) nl^{*D) instead of a 
family of meromorphic fiat A-connections. Let m G Z^q and i(0) G [1, k]. We put m(l) m + d^Qy 

Definition 5.16 We say that (E,V) is an unramifiedly pseudo-good lattice in the level (m, i(0)), if there exists 
an unramifiedly good lattice E' D E of (i?(>i=_D), V) with the irregular decomposition (i?',]D')||j = ®ngi(-£'^, Vu) 
in the level (m, i(0)), such that 

^|5 = 0(^;ni?|5) (29) 

The decomposition (|29p is called the irregular decomposition o/(i?, D) in the level (m, i(0)). I 

It is easy to observe that Ea E'a H E^^ in ((29)) is independent of the choice of a good lattice E' D E in 
the level m. We have straightforward generalizations of the results in Subsection 15.1.21 We naturally identify 
X with {1} X A C Ca X X when we consider the order <5 for multi-sectors S C X — D. 
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Construction of Gr We take an unramifiedly good lattice E' E in the level (m,i(0)). By shrinking X 
around Oz x y, we have the vector bundle Gr^(i?') on X with a meromorphic flat connection V a for each a S X. 
Recall that we have the natural isomorphism Gr^(i?')||5 ~ E'^. Hence, we have the sub-lattice of Gy^{E') 

corresponding to E^ C E'^, which is denoted by Gr^{E). It is equipped with a meromorphic flat connection 
Va- By construction, we have the isomorphism 

(Gr-(£;),V„)|5C.(^„,V„). (30) 

Lemma 5.17 Let {Ei,Wi) [i = 1, 2) he pseudo-good lattices in the level (m, ?(0)). Let F : {Ei, Vi) — > {E2, V2) 
be a flat morphism. Assume Ti 0I2 is a good set of irregular values in the level (m, j(0)). We have the naturally 
induced morphism Gr^(i^) : Gr;^(£;i) — > Gy'^{E2). 

Proof We can take good lattices (E'-, V^) in the level (m, z(0)) such that Ei C E[ and F{E[) C £'2- By Lemma 
15.121 we have the induced morphism Gr^(F) : Gy^{Ei) — > Gr^(i?2). By considering the completion, it is 
easy to observe that Gi'^^Ei) — > Gr™(£'2) is induced. I 

Flat splitting and Stokes filtration Let tt : X{D) — > X be the real blow up. Let S e MS*{X — D,I). 
Let S denote the closure of S in X{D), and let Z denote S n Tr~^{D). We have the Stokes filtration of 

and we can take a flat splitting E'^-^ = ^ E'^ g such that E'^ — 7r^^(i?„). Because E\x-d — E\x-d^ 
induces the flat decomposition of E^g. 

Lemma 5.18 Lt is extended to the decomposition E^-g — ^ E^^s such that E^ — Tr^^{Ea). 

Proof Let and w'^ be frames of Gr^(i<^) and Gr^(i?'). Let Ga be determined by Wa = w'^ ■ Ga- They 
induce the frames Wa and of Ea and E'^^ respectively. 

By the isomorphism E'^ g ~ GrJ^(i?')|g, we obtain the frames w'^ g of E'^ g. Then, Wa,s '■— w'^ g ■ Ga gives 
a tuple of sections of E'^ g, and we can observe that 'w^^2 — ""^^(''^a)- Let Ea^s be generated by if a,s> and then 
we obtain the desired decomposition E = ^Ea.g- I 

Let wg ~ (ifa.s) be as above. Let d be a frame of E on X. Let Gg be determined hy v = wg ■ Gg. Both 
v^2 and Wg^2 give the frame of we obtain the following. 

Proposition 5.19 Gg and Gg^ are bounded on S. I 

Proposition 5.20 The flat subbundle J^^ (E^-g) ®[,<so ^b.S is independent of the choice of a flat decompo- 
sition E^-g — ®agx-^ci,S' such that E^ — '^^^^a- 

Proof Let E^-g — ©agx-^a.s be another flat decomposition such that E^ = n^^Ea- We take a frame Wa.S 
of Ea^s such that = Wa- We set w'^ := Wa ■ G^^ . Then, w'^^^ = '^^^'^ci- Let E^ be generated by w'^. 

Then, we obtain a flat decomposition £"— = © -E'q, which has to be a splitting of the Stokes flltration T^{E'—). 
Because E^\^g — Ea\s, we obtain the well definedness of the filtration. I 

Thus, we obtain the filtration of which is called the Stokes filtration. 
Lemma 5.21 We have the natural isomorphism Gr^ (-^\s) — ^'^a{-^)\s- 

Proof We use the notation in the proof of Lcmma fS.lSI By the comparison of Wa and if o,s, we obtain Ea.s — 
Gro(£')|g. By the construction of the Stokes filtration, we have the natural isomorphism Gr^ {E^-g) — Ea,s- 
Then, the claim of Lemma [5.211 is clear. I 
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5.1.4 A comparison 

Let F be a complex manifold. Let X :— x Y, D^^i := {zi ~ 0} and D := [j'^^i D^ i. Let /C be a compact 
region in Cz^+i- We set X := JCx X. We use the symbol 2? in a similar meaning. We set W :~'DU ({0} x X). 

Let J C M{X, D) be a good set of irregular values in the level (m, i{0)). We set m := (m, —1) e Z<o^. We 
put a :— zj^^-^a for a € I, and we set 

J := {a\ael} C M{X ,W)/ H{X). 

Then, it is a good set of irregular values in the level (m, i(0)). 

Let ii^ be a holomorphic vector bundle on X with a meromorphic flat connection V : E — > E(E)^l^~{*W) such 
that {E, V) is an unramifiedly good lattice in the level (m, i{0)) on (A", W) with the irregular decomposition: 

(^,V)|== = 0(Ih,Vh) (31) 

Applying a general theory in Subsection 15.1.31 we obtain a holomorphic vector bundle Gr^ (E) on X with the 
induced meromorphic flat connection V„ for each a € X. 

By setting A = Zk+i, we obtain the isomorphism Cz^^i ~ Ca- Let /C C Ca be the image of JC. We put 
X -.^ K, X X and we use the symbol V in a similar meaning. We set W :='DU ({0} x A). We have the natural 

isomorphism t : (X,!)) — > {X,T>). The pull back of E is denoted by E. Let denote the restriction of t*V 
to the A-direction. We set D := A • D-^. Note the following: 

• D(-E) C i? ® p^ri^ i.e., D gives a family of meromorphic A-connections of E. 

• (i?,©) is a good lattice in the level (m, i(0)) on (A", T4^), and PT|) naturally induces the irregular decom- 
position of (S, B)|^;^. 

By applying a general theory explained in Subsection l5.1.2i for each a G I, we obtain Gr^(i?, D). 

Let be a small sector in X ~W. We have the Stokes filtration of E^-^ in the level m indexed by {T, <g) 

fProposition 15 . 20]) . For S :— l^^{S), we have the Stokes filtration of E^-g in the level m indexed by {I,<s)- 
We remark the following. 

Lemma 5.22 Under the natural identification X — X. the orders <g and <s are the same. Under the natural 
isomorphism E ~ l* E, the filtrations and are the same. 

Proof For the order <|r, we use the identification X = {1} x X C C\ x X. Then, the first claim is clear. Note 
that both L*J^^ and J^^ satisfy the condition in Proposition [53] Hence, they are the same. I 

Corollary 5.23 We have the natural isomorphism l* Gr~^{E) ~ Gr^(i?), and Oa is induced by i*'Va via, the 
above procedure. 

Proof By Lemma 15.221 we obtain the isomorphism j : i* Gr'~^{E)\x_-\^ ~ Gy'^{E)\x-w^ which is 
induced by Va via the above procedure. Since j is extended on X{W), it is extended on X. I 

5.1.5 Stokes filtration of the associated flat bundle on the real blow up 

We use the setting in Subsection 15. 1.31 Let X C M (A, D) be a good set of irregular values in the level (m, i{O j). 
Let iJ be a holomorphic vector bundle on A with a meromorphic flat connection V : E — > E (g) ill^{*D) such 
that {E, V) is a pseudo-good lattice in the level (m, i(0)). (In other words, we consider a family of meromorphic 
A-flat bundles on {1} x (A, D).) Let tt : A(D) — > A be a real blow up of A along D. The fiat bundle E^x-d 
is naturally extended to the flat bundle 21 on X{D). 
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Wc set 3 := ^{Oz X Y). For each P G 3, we take a small sector S G MS{P, X — D,X) on whieh we have 
the Stokes filtration of E\g. The filtration is naturally extended to the flat filtration of 2J|g. By restricting it 
to the fiber 5J|p, we obtain the filtration indexed by (l, <p)- It is easy to observe that is well defined. 

If Q G 7r~^(3) is sufficiently close to P, the map {l,<p) — > {I,<q) preserves the orders, and the 
filtrations and JF'^ are compatible under the identification QJ|p ~ given by the parallel transport in 
Sp. In particular, we have = if <p=<q. 

We have the functoriality of the filtrations for dual, tensor product and direct sum as in the case of . 

Lemma 5.24 Let F : {Ei,Vi) — > (-^2, V2) be a flat morphism. For simplicity, we assume that Ji UZ2 is a 
good set of irregular values in the level {m,i{0)). The induced morphism F^p : QJi|p — > ^2\p preserves the 
Stokes filtrations J^^ . I 

Remark 5.25 We considered two vector bundles on X{D). One is '!r~^{E) and the other is QJ. We should 
emphasize that they are different in general. The bundle 2J depends only on the flat bundle {E,V)\x-D! o.'f^d 
Tr^^{E) depends on the prolongment (i?, V). 

Let us see the simplest example E = O ■ e and V(e) = e • d{z~^). A trivialization of ■k~^{E) is given by 
7r~^(e). A trivialization ofV is induced by exp(— • e. I 



5.2 Unramifiedly good lattices of a family of meromorphic A-flat bundles 

5.2.1 Preliminary 

Good set of irregular values We use the partial order <zn of Z" given by a <z" b <^=> at < hi, (Vi). We 
say a <zn b in the case < 6, for any i, and we say a <z" b in the case a <zn b and a ^ b. Let 5j denote 

the element (0, . . . , 0, 1, 0, . . . , 0), and let denote the zero in Z". We also use 0„ when we distinguish the 
dependence on n. 

Let y be a complex manifold. Let X := x Y. Let Di := {zi = 0} x F and D := (J^^^ be the 

hypersurfaces of X. We also put = ^i- which is naturally identified with Y. 
For any / G M{X, D), we have the Laurent expansion: 



Here fm are holomorphic functions on Di. We often use the following identification implicitly: 

M{X,D)/z-^ ■ H{X) ~ {/ e M{X,D) | = 0, Vm > n} (32) 

For any / G M{X, D), let ord(/) denote the minimum of the set {m G Z^ | fm ^ O} U {0} with respect to 
<z«, if it exists. It is always contained in Z<oi if it exists. 

For any a G M{X, D)/H{X), we take any lift a to M{X, D), and we set ord(a) := ord(a), if the right hand 
side exists. If ord(a) exists in Z^ — {0}, aord(o) is independent of the choice of a lift a, which is denoted by 

<lord(o)- 

Definition 5.26 A finite subset I C M{X,D)/H{X) is called a good set of irregular values on {X,D), if the 
following conditions are satisfied: 

• ord(a) exists for each aGl, and Oord(a) is nowhere vanishing on for a ^ 0. 

• For any two distinct a, b G I, ord(o — b) exists in Z<q — {0}, and (a — b)o].d(a-b) is nowhere vanishing on 
Di_. 

• The set T(I) := {ord(o — b) | 0, b G X} is totally ordered with respect to the partial order onl} . I 
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The condition in Definition 15.261 does not depend on the choice of a holomorphic coordinate such that D = 

Uli{^. = o}. 

We win use the foUowing lemma implicitly. 
Lemma 5.27 The set {ord(a) | a € X} is totally ordered. In particular, the minimum 

m(0) :— min{ord(a) | a G l} 
exists. Moreover, m{0) <zf m for any m € T{X). 

Proof Let a, b Si. Assume ord(a) ^ ord(b) and ord(a) ^ ord(b). Then, ord(a — b) does not exist, which 
contradicts the second condition. Hence, we obtain the first claim of the lemma. For any m G T{X), there 
exists a E T such that am 7^ 0. Hence, m(0) <ze rn. I 

Remark 5.28 It is often convenient to use a coordinate such that T{X) U {m(0)} C IJ^^o ^<o ^ i- I 

Auxiliary sequence Let I be a good set of irregular values on {X, D). Since the set T{I) is totally ordered 
with respect to the partial order <z£, we can take a sequence 

M := (m.(0), Tn(l), m(2), . . . , m{L), m{L + 1)) C Z^g 

with the following property: 

• T{J) cM and m{L + 1) = 0^. 

• We have 1 < i){i) < I such that m{i + 1) = m{i) + ^ij(j) for each i < L. 

Such a sequence is called an auxiliary sequence for 2. It is not uniquely determined for 2. It is convenient for 
an inductive argument. 

Truncation Let I be a good set of irregular values. We take an auxiliary sequence for I, and let 77^(0) : 
I — > M{X, D)/H{X) be given as follows: 

Ti^m(l) 

Then, the image is a good set of irregular values in the level (m(0),i(0)). More generally, ^^(j) is defined as 
follows: 

We have ^^(L)(a) = a. We set Cr,i(o)(a) := ~lm.{o){°) and Cm(j)(a) := r]mU){°) - Vm(j-i){°) for j = 1, . . . , L. 
Then, we have the decomposition ^m(i)(a) = X]j<i ^m(j){'^)- 

Let Iim{i)) denote the image of r/^(,) : I — > AI{X, D)/H{X). 

Lemma 5.29 If we shrink X appropriately, X(m(0)) is a good set of irregular values in the level (Tn(0), f)(0)) . 

Proof If 77^(0) (a — b) 7^ for a, b e X, we have ord(a — b) = m(0) and (^^'"'•"^^rn(o) ('^ ~ ^^\di nowhere 
vanishing. Hence, {z^'^''^'^Tjrn(Q){'^~' nowhere vanishing on X after X is shrinked appropriately. Similarly, 
we may have (2;^"*''''?7^(-q') (a)) is nowhere vanishing on X after X is shrinked appropriately. I 

We can use the following lemma for inductive arguments. 

Lemma 5.30 For any b G X(m(0)), we fix any element a*-"-* G Vm(o)^^^' ^'^stt,, the set 

{a-aW|77^(„)(a) = b} 

is also a good set of irregular values. I 
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Example We give some examples. 

An auxiliary sequence is unique in this case, and given as follows: 

m(0) = (-1,-1), m = 2, m(l) = (-1,0), f)(l) = 1, m(2) = (0,0) 
The truncations are given as follows: 

Vrr^ioM'^) = ^..(0)(a^")=0, ^^(0)(CI^'^)-0 

^Mi)(a«) = aW, ^^(^^(a(2)) = a(^), ^^(,)(a(^)) = a^^) 

The image of I via r]m(o) is {a^^\ O}. 
Let us consider the following set: 

b'l' = z^^ ■ z:^^ +a- z:^^ +b- z^\ b(2) = z^^ 

An auxiliary sequence is given by p3p . The truncation is given as follows: 

^m(0)(&''^) = • ^2^ + a ■ Z^^, ^.„(0)(&^'^) = 

We have the following picture in our mind for truncation. 
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L = 4, m(0) = (-2, -3), m(l) = (-2, -2), m(2) = (-1, -2), 
m(3) = (0,-2), m(4) = (0,-1), m(5) = (0,0). 

5.2.2 Unramifiedly good lattices of a family of meromorphic A-flat bundles 

Let X be a complex manifold, and let 13 be a normal crossing divisor of X. Let /C be a point or a compact 
region in Cx. Let X and V denote K. x X and K, x D, respectively. For A € /C, we set :— {A} x X and 
:= {A} X D. Let (f,©) be a family of meromorphic A-flat bundles on (X,!)), i.e., £ is an C';i^(*I?)-coherent 



sheaf with a holomorphic family of flat A-connections D : £ 
denoted by (£^,©^). 

Remark 5.31 If JC is a point, "family" can be omitted. 



£ (g) ^x/^- The restriction to {X^^V^) is 



I 



Let E be an O;t'-locally free lattice of (f ,B). Let P be any point of V. We can take a holomorphic 
coordinate {U, X, zi, . . . , z„) around P such that :— V CiU — lJi=i where 1?;^^^ := {zi = 0}. We put 

T^UJ '■= Cli^iT^UA and T>u{I) := {j^^jVu^i- For any subset I C £, we put := — /. The completion of A" 
along Vuj (resp. Vuil)) is denoted by P^j (resp. 'Du{I)). 



Definition 5.32 We say that E is unramifiedly good at P, if the following holds: 
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• We are given a good set of irregular values S C MilA^'Du)/ H{U). 

• For any =/= I d £, we have the decomposition: 

(£;,©) ,5^^= i'E^/B,) (34) 
aes(/) 

Here S{I) denotes the image of S via the map M{U,Vu)/ H(U) > M{U,Vu)/M{U.Vu{I''))- 

• {Ba~da){^Ea) is contained in' Ea(^(^il.\,^,<^{logT)u{I))+fl\,/,^{*T>uiI''))^, where a is lifted to M [U ^Vu) ■ 
This condition is independent of the choice of a lift. 

The property is independent of the choice of the coordinate {U, A, zi, . . . , z„). 

We say that {E, D) is unramifiedly good, if it is unramifiedly good at any point. I 

See Subsection 5.7 of [19 for another but equivalent formulation, which seems easier to state. 

The decomposition (I34p is called the irregular decomposition of E^.^^ ^ . The set S is uniquely determined if 

-Ea ^ for each a € 5. So, it is denoted by Irr(I]), P). The restriction of E to {A} x X is denoted by E^ . 

If E is an unramifiedly good lattice of (f ,©), we have the well defined endomorphism ReSi(D) of E\x,^ for 
each irreducible component Di of D. It is called the residue of D at Di with respect to the lattice E. VLK, ^ {0}, 
the eigenvalues of ReSi(D) are constant on for each A € /C. (See Subsection 5.1.3 of [19], for example.) 

Remark 5.33 We have the notion of good lattice which is locally a descent of an unramifiedly good lattice. See 
[19j . 5*66 also Definition ]^ .A2\ below. I 

Irregular decompositions in the level Tn{j) In the following, let X :— A", Di := {zi = 0} and D ;= 

Ui=i ^i- We set T>{< p) := lJi<p^i- Let (i?,©) be an unramifiedly good lattice of a family of meromorphic 
A-fiat bundles on {X ,T>) with the good set Irr(D) ~ Irr(I]), O). We assume that the coordinate is as in Remark 
15.281 for Irr(D). Let Irr(D,p) and Irr'(]D),p) denote the image of Irr(D) by the natural maps 

TTp : M{X,V)/H{V) — > M{X,V)/M{X,V{< p- 1)), tt^ : M{X,V)/H{V) — > M{X,V)/M{X,V{^ p)). 

Note that the naturally induced map Irr(ID),p) — > Irr'(D,p) is bijective, via which we identify them. 

Take an auxiliary sequence m(0), . . . , m{L) for the good set Irr(I])). Let Irr(I]), m(0)) denote the image of 
Irr(D) via Tj^^i^^^y Let k{j) denote the number determined by m{j) £ Z^'q"* x Of_fcQ). For p < k{j), we have the 
map Irr(D,p) — > M{X,V)/M{X, T>{< p — 1)) induced by ^rn{j) which is denoted by ^^(jj^p. 

By using a lemma in Subsection 5.1.2 of |,19j and the uniqueness of the decompositions, we obtain the 
following decomposition on the completion T>{< k{j)) along T>{< k{j)): 

iE,m\3i<kU^)= _0 (^r^^'\%), where ^E,,{p<k{j)) (35) 

ljeIrr(D,TraO")) _ ceIrr(D,p) 

')rn,(3),p(0 = ^p(b) 

The decomposition ([55)1 is called the irregular decomposition in the level m{j). 

Remark 5.34 We do not have the irregular decomposition in the level 'm{j) on D in general, which Sabbah 
remarked in |20j for the surface case. I 

The associated graded bundles with the family of meromorphic flat A-connections Assume /C {0}. 
We set W :— X^ U T){< k{Q)). It is easy to observe that {E,W) is an unramifiedly good lattice in the level 
(Tn(0),z(0)) with the decomposition ([35| for j — 0. The set of the irregular values in the level (m(0),i(0)) is 
E(©,m(0)). 

As stated in Subsection l5.1.21 wc obtain the holomorphic bundle Gr'^^^\E) with a family of meromorphic flat 
A-connections D^^^-* on (V, Vnl?) for each o € Irr(]I]), m(0)), where V denotes a neighbourhood of ni<i<fc(o) 
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Let GC^°) (£;, B) := (GC^") (£;), 11)^^°^) ■ We obtain the following isomorphisms for any a E Irr(D,m(0)) from 
(HQl): 

Gr-(")(ii;,P)|^^(^r'"\©„) 

In particular, Gr™*-*^-* {E, D) are unramifiedly good lattices whose set of irregular values is Irr(Il)™''*''' ) = rj^^^^^ (a) . 

Let Irr (B, m(j)) denote the image of rlm{j) • Ii'r(B) — > M{X, D) / H{X) for any j. Let us consider the 
case in which Irr(ID, m(j — 1)) consists of a unique element. We take any element a'^^-' G Irr(I[I)). Let £(±0*^^^) 
be a line bundle Ox ■ e with a family of meromorphic flat A-connections Be = e • (ida*-^-'). Then, {E',D') := 
(S, B) ® £(— a'^^) is an unramifiedly good lattice with the good set 

Irr(B') = {a-a(i)|aeIrr(B)}. 

The sequence m(j), m{j + l), . . . , m{L) gives an auxiliary sequence for Irr(B'). By applying the above procedure 
to (i?',B') and shrinking X, we obtain Gr^*^^' (S', B') for each c G Trr(B', m(j)). For any b G Irr(B, m(j)), we 
define 

Gr^^^'^ {E, B) Gr^j^^^^.^ B') ® /:(a(i) ) 

It is independent of the choice of a^^-* up to canonical isomorphisms. (We may avoid tensor products.) It is 
easy to observe that Gr^'""''' B) are also unramifiedly good lattices with the good sets of irregular values 
Irr(B^^''^) =Vm(j)('^)- construction, Irr (B^^-* \ m(j)) consists of the unique element b. 

Let us consider the general case. Let ?7r„(j_i),m(j) • Irr(B, m(j)) — > Irr(B, m(j — 1)) be the induced map. 
For any a G Irr(B, m(j)), we inductively define 

GC^^\e,B) := Gi-r'^' Gr;^(;""^) ,,(a)(^'^) 

lm.{j — 1) .m.{j) V"/ 

For each a G Irr(B), we set Gr^""(i;,B) := Gr^(^)(£;,B), which is called the fuU reduction. By construction, 
Gr^„''"(£;,B) (g) £(-o) is logarithmic. 

We have the functoriality as in Subsection 15. 1.21 

Deformation Assume ^ /C. We would like to regard (-E,B) as a prolongment of {E,'D)\x-v{<k{o))- 
For a given holomorphic function T(A) with Re(T(A)) > 0, we have the other prolongment B*^-^)) of 

iE,^})\x-v(<k{o))i which is also an unramifiedly good lattice with the set of irregular values 

Irr(£;(^\B('^)) := {T • a | a G Irr(B)}. 

We refer to Subsections 7.5, 7.8-7.9 of 19J for the construction. We mention some properties (Subsection 7.8 
of [19]): 

(Dl): ~ if Re(T,) > and Re(Ti • T2) > 0. 

(D2): (£;(^),B(^))|g^ ~ 0c,ei(^"-^c/"fic + {T - l)da), where Iq {1, . . . , A:(0)}. In other brief words, the 
deformation does not change the regular part. 

We give some statements for functoriality. See Subsection 7.8.1 of [12] for more details. Let (i?p,Bp) 
(p = 1,2) be unramifiedly good. We have the following natural isomorphisms: 

{E,®E,r^^Ei^^®EP, {E,^E,r^^EP<E>EP, {E^Y^^ ^ {E^^^^^ 

Here, we have assumed that (£'i,Bi) © (i?2,B2) and (£'i,Bi) (i?2,B2) are unramifiedly good. Moreover, let 
F : (£'i,Bi) — > (£'2,B2) be a flat morphism. Assume Xi U X2 is a good set of irregular values in the level 
{m,i{0)). Then, we have the naturally induced morphism {E^ ,B5[ ) — > {E2 ,^2 )• 
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5.3 Smooth divisor case 

Let X :— A" and D := {zi = 0}. Let K, C Cx- Let {E,B>) be an unramifiedly good lattice of a family of 
meromorphic A-bundlcs on (A", I?) with a good set of irregular values Irr(I])) = Irr(D, O). We have the formal 
decomposition = ®ngii.i.(D)(-^a,ID'a)j where Bia — da- idj^^ are logarithmic. We set W ■.= T>UX° in the 

case e /C, and W :—'D otherwise. We obtain the decomposition on W: 

(^„,BJ (36) 

aelrr(D) 

Full Stokes filtration In this case, it is also easy and convenient to consider full Stokes filtration. We explain 
it in the following. Let tt : X{W) — > X denote the real blow up of X along W. We put 3 := T^^^iT^)- 
For any multi-sector S in X ~ W, the order <5 on Irr(D) is defined as follows: 

• <s b if and only if — Rc(A^^a(A, 2;)) <5 — Rc(A^^b(A, 2;)) for any z E S such that \zi\ is sufficiently 
small. 

Let 5* denote the closure of S in X{W), and let Z denote SO t:~^(W). The irregular decomposition ([36|l on W 
induces the decomposition on Z: 

(i?,©)|^= {EMiz (37) 

aelrr(D) 

We put J-^ := ©(,<^o E^^^2i ^-i^d then we obtain the filtration J^^ indexed by (irr(D), <s). By using Proposition 
15.51 and Lemma [5?8] successively (or by using more classical results), we obtain the following. 

Proposition 5.35 For any point P e 3j there exists S G AiS{P, X — W) such that the following holds: 

• There exists the unique H-jiat filtration of E^-g on S indexed by (irr(ID)), <s) such that ^ ■ 

• There exists a D-flat splitting of on S. 

We call the full Stokes filtration of (E, ©). 

For S' C S , the filtrations and J-^ satisfy the compatibility condition as in Lemma \b.^\ I 

The following lemma is clear from the definition of full Stokes filtrations. 

Lemma 5.36 Let S,S' G MS{P,X — W). Assume (i) S' C S, (ii) E^-g has the full Stokes filtration as 
above. Then, the restriction of to S is the full Stokes filtration of E^-g' . I 

We have functoriality of full Stokes filtrations as in the case of Stokes filtrations in the level (m, i(0)). 

The associated graded bundle For any sectors S and each o G Irr(D), wc obtain the bundle Gr^"'\i?|5) 

on S associated to the full Stokes filtration . By varying S and gluing Gr^""(i?|^), we obtain the bundle 

Gr^""(£^|y|.j^^) on V(W^) with the induced family of flat A-connections Oa, where V denotes some neighbourhood 

of V, and V(W^) denote the real blow up of V along M^nV. As in Subsection l5.1.21 we can show that Gr^"''(_E|yj^^j) 

has the descent to V, i.e., there exists a locally free sheaf Gr[,""(i?) on V with a family of meromorphic flat 
A-connections Do, such that 

^-i(Grf;"(i?),©„) ^ (Grf""(i?|^(^^)),B„), (Gr^^^P), D^),^^^ ^ (^„,D„)|^^^. 

By construction. Bo — do is logarithmic for each a G Irr(D). 

As in the case of Gr with respect to Stokes filtrations in the level (m, i(0)), we have the following isomor- 
phisms: 

Grf""(^^)~Grf^'i'(S)^, 
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aiGlrr(Di) 

01+02 = 

Grf^^H^^i ® E2) ~ Grf""(i?i) ® Grf""(ii;2). 
Here, we have assumed that (i?i,Di) (g) (£^2,02) and (£'i,Di) (£^2,102) are umamifiedly good lattices. 

Lemma 5.37 Let {Ep,B)p) (jj — 1,2) he unramifiedly good lattices on [X^T)). Assume Xi U X2 is a good set of 
irregular values. Let F : (i?i,Di) — > (i?2,ID'2) be a flat morphism. We have the naturally induced morphism 
Grl"" (F) : Gr^"" {E,) ^ Gr^"" {E^). I 

A characterization of sections of E Let Wa be a frame of Gr^""(i?). Let 5' be a small multi-sector, 
and let E^-g — ®i?a.s be a B'-flat splitting of the full Stokes filtration . By the natural isomorphism 

Ea^S — Gr^""(£')|g, we take a lift iOa,S of Wa- Thus, we obtain the frame ws — {wa s) of E^-g. The following 
proposition implies a characterization of sections of E by growth order with respect to the frames ws for small 
multi-sectors S. 

Proposition 5.38 Let v be a frame of E, and let Gs he determined by v — ws ■ Gs- Then, Gs and G^^ are 
bounded on S . I 

Deformation When | arg(T)| is sufficiently small, we have a more direct local construction of the deformation 
{EjUty^y We explain it in the smooth divisor case. 

We take a covering X — V ~ Ui3=i '^^^^ by sectors S^^^ on which we have the full Stokes filtrations. Assume 
that |arg(T)| is sufficiently small such that the following holds: 

• a <s(.) b ^=> Ta <sm Tb for any a, b e Irr(D) and for any S'^'\ 

We take frames of Gr^""(£:). For each S = S^'\ we take a D-flat sphtting E^s = ® E^.s of the fuU Stokes 

filtration. Let ws = (ifa,s) be as above. We put w^^g := lOa.S ■ exp((r— 1) • • a) and ifg^' := (w^a'g). Let 
/ be a holomorphic section of E^x-v- We have the corresponding decomposition / = J2 fa,s on each S. We 
have the expression /„^5 = J2 fi^s,j ' "^Sj- We put f^ g := {f^^sj)- 

Lemma 5.39 / gives a section of E^^^ if and only if f^^g(i) is bounded for each S'*^'-' andwg(i). (See Subsection 

7.9.1 o/[ii|.; ' I 

Prolongation of a flat morphism Let (£'p,Dp) (p — 1,2) be unramifiedly good lattices on (X,!)). Assume 
Irr(Di) U Irr(D2) is a good set of irregular values. Let F : Bi)|;f _p — > {E2,^2)\x-v be a fiat morphism. 

Lemma 5.40 Lf F preserves the full Stokes filtrations J-^ for each small sector S, F is extended to the mero- 
morphic morphism F : Ei{*'D) > E2{*'D). 

Proof We have only to consider the case ^ /C according to the Hartogs theorem. Then, the claim follows 
from a result in Subsection 7.7.6 of l9|. As another argument, let lo^*'' be frames of E^^-g as in Proposition l5.38l 

We can directly show that F^g is of polynomial order with respect to the frames w^g\ I 

Complement on a connection along the A-direction let X := A", Di := {zi = 0} and D :— lJi=i^j- 
Let K, C C*x be a compact region. Let {E, D) be an unramifiedly good lattice of a family of meromorphic A-fiat 
bundles on [X^V) with a good set Irr(B). Assume that E is equipped with a meromorphic connection along 
the A-direction V \ : E — ^ E® rj^(*I?), such that W + Va is flat. 

Lemma 5.41 Va naturally induces a meromorphic connection of E^"^^ along the X-direction. 
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Proof It is easy to observe that we have only to consider the case in which D is smooth and |arg(T)| is 
sufficiently small. Take N such that \^Vx{dx)E C E ^ Ox{*V). For S = S^'\ let ws = (u;„,s) be a 
frame of E^-^ as above. Let As = {As. a, a') be the matrix- valued holomorphic function on S determined by 
A^Va(9a)ii's = ws-As- Let Ba be the matrix-valued holomorphic function on X determined by I]>a{zidi)wa = 
Wa ■ [zidia + Ba). Because [D-'', Va] — 0, we have the following relation in the case a ^ b: 

A • zidiAs^a,b + {zidi{a - b)) ■ As^^^i, + (^s.o.b^t, - B„As.a,b) = 
Hence, we have ^s,o,b — unless a <5 b, and we obtain the estimate 

^S.a.b •exp(A-i(a- b)) =0(exp(C|A-i| - log Izfil)) 

for some C > in the case a <s b. 

Let A'g'^ be the matrix-valued holomorphic function on S determined by A^V(9a)'U's"^ ^ '^s"'' ' ^s^'- 
have A^g'l b ~ ^ unless a <s b. In the case a <s b, we have 

^flh ■ exp(A-i • T • (a - b)) - ^5,a,b • exp(A-i • (a - b)) = o(exp(C|A-i| • log \z^'\)) . 

Therefore, we obtain A^g^^ = 0(exp(— e|z]"^|)) for some e > 0. By a direct calculation, we obtain A^^^ ^ — 
As, a. a + A^ • 9a (A^^ • (1 — T) • a), which is of polynomial order. Hence, the claim of the lemma follows from 
Lemma 15.391 I 

5.4 Family of good filtered A-flat bundles 

Pull back of filtered bundle via a ramified covering The notion of filtered bundle is introduced in [2l] 
(1 dimension), and studied in [18j (arbitrary dimension). Let Al be a complex manifold, and let 13 be a simple 
normal crossing hypersurface with the irreducible decomposition D = IJ^gj Di. A filtered bundle on {X, D) is 
defined to be a sequence of locally free sheaves = [aE | a e il^) such that (i) aE C bE for a < b and aE is 
the intersection of bE for b > a, (ii) aE\x-D = bE\x-D, (iii) aEi^O{J2 'A) = a-nE, where n — (m) £ Z^, 
(iv) it satisfies some compatibility condition at the intersection of the divisors. The compatibility condition 
is given in Definition 4.37 of [18j. Although it is not difficult, it is slightly complicated to state. Later, Iyer 
and Simpson ^llj introduced the notion of locally abelian condition, which is equivalent to our compatibility 
condition. Hertling and Sevenheck (Chapter 4 of ^9j) showed that it is equivalent to another simple condition. 
We refer to the above papers for more details. 

Let us recall the pull back of a filtered bundle via a ramified covering. See |11] for more systematic treatment. 
See also Subsection 2.9.1 of [IS]. Let X A^, D := [JLA^^ = 0}' ^ ■= ^nd D := U^^ii^^j = 0}- Let 
ipe ■ X — > AT be a ramified covering tpeiwi, . . . ,Wn) = (wf , . . . , w^+i, . . . , w„). For b e R^, we put 
S{b) := {(a, n) e x Z>q \ e ■ a + n < b}. For a given ffitered bundle E^, on (A, D), we set 

bE= J2 W'^-^iaE). 

{a,n)eS{b) 

Then, it is easy to show that E^, is also a filtered bundle. Let Gal(A/A) denote the Galois group of the 
ramified covering. We can reconstruct E^, from E^, with the natural Gal(A/A)-action, and hence E^, is called 
the descent of E^,. Since the construction is independent of the choice of coordinates, it can be globalized. 

Family of good filtered A-flat bundles We use the notation in Subsection 15.21 A family of filtered A-flat 
bundles on {X, V) is defined to be a filtered bundle E^, on {X, V) with a family of meromorphic flat A-connections 
D of £; = U a£^. 

Definition 5.42 Let (£J*,B) be a family of filtered X-flat bundles on (A", I?). 
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• We say that (E^ , B) is unramifiedly good, if are unramifiedly good lattices for any c & R . 

• Let P CzV. We say that is good at P, if there exist a ramified covering ip,, : {lJ,'Du) — * 

such that (-E*, (/J*©) on {14, 'Du) is unramifiedly good. Here, U is a coordinate neighbourhood of P, (pe is 
a ramified covering, and E^ is induced by (p and E^ as above. 

• We say that (£J*,D) is good, if it is good at any point Pel?. I 

Induced filtrations Let D) be good family of filtered A-flat bundles. Let denote the induced filtration 
of c^^lX); ■ We set ' Gv^{cE) :— ^Fa/^F^a- It can be shown that (i) we have the well defined residue endomorphism 
Grf Res^(D) of * Grf {^E) on V, for each i e £, (ii) it preserves the induced filtrations ^ F of ' Grf (c£')|~ ~ . 
(See Subsection 6.1.3 of [12]. The residues are well defined as endomorphisms of cE^-Oi in the non-ramified case, 
and as endomorphisms of * Grf (ci?) even in the ramified case.) In the following, Gt^ ReSi(ID') are often denoted 
by ReSi (D) for simplicity of the description. 

Let / be a subset of i. We set Vj := Hie/ ^i- Fo'" ^ ^ Put 

lei l^b<a^b[aE\Vj) 

We often consider the following sets: 

Var{,E,l) ■.^{aeR'\'Gr^{^E)^0}, Var{E„l):= \J Var{,E,l) 

We have the induced endomorphisms ReSi(D) (i e /) of Grf (c-E), which are mutually commutative. 



KMS structure for fixed A Let us consider the case in which /C is a point {A}. In this case, we prefer 
the symbol D"^ to D. If A 7^ 0, the eigenvalues of ReSi(D'*') are constant. Hence, we have the generalized eigen 
decomposition ■^Gr^(c-E) = ®a Gr^^^^ (ci?) , where the eigenvalues of Gr^ReSi(D'^) on ^Gr^^^^ (ci?) are 
the i-th components of ck. We put 



ICMSUE,B^,I) := {{a,a)\^ Gr^^^^i^E) ^ 0}, ICMS{E,,D^ , I) := [j JCMS^E,!}^ , I) 

SpUE,B^,I):= {aeC'\3aeR^, {a,a) elCMSl^^E,!}^,!)}, Sp{E^,B^ , I) := [j Sp{cE,B^,I) 

Each element of JCMS{E^,B^,I) is called a KMS-spectrum of (£;*,D^) at Dj. 

Even in the case A = 0, a similar definition makes sense if the eigenvalues of ReSi(D'^) are constant. It is 
satisfied when we consider wild harmonic bundles. 



KMS structure around Aq Assume that /C is a neighbourhood of Aq G C, and we regard that 

is given around {Aq} x X. In this case, we prefer the symbols *p('^o) to *F. Let p(A) : R x C — > R and 

e(A) : R X C — > C be given as follows: 

P(A, (a, a)) = a + 2 Re(A • a), e(A, (a, a)) — a — a-X — a-X'^ 

The induced map Rx C — > Rx C is denoted by 6(A). 

Definition 5.43 We say that {E^,0) has the KMS-structure at Aq indexed by T{i) d R x C {i e S) , if the 
following holds: 

• Var{E^,i) is the image ofT{i) via the map p(Ao). 
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• For each a £ Var{E^,i), we put IC{a,i) :— {u G T{i) | p(Ao,u) = a}. Then, the restrictions o/RcSi(D) to 
' Gr^' ° [cE)^jjx have the unique eigenvalue z{\,u) for any u £ IC{a,i). I 

Assume has the KMS-structure at Aq. We have the decomposition 

^Grr"'(c£^)= 'Gi'^K^^E), (38) 

such that (i) it is preserved by ReSi(D), (ii) the restriction of ReSi(D) — t{X,u) to ^Gu^°\cE) is nilpotent. More 
generaUy, we have the decomposition on Vj 

^Grr°'(ci?)= 'g^y{.E), (39) 

such that (i) it is preserved by ReSi(D) (i £ I), (ii) the restrictions of ReSj(D) — c{X,Ui) (i £ I) are nilpotent, 
where Ui denotes the «-th component of u. Note ^g^°\cE) can be 0. 

The following lemma is standard in our works. (See Subsection 6.2.5 of 19 .) 

Lemma 5.44 Let (£Ji*,Di) and {E2*,V)2) be good filtered X-flat bundles on {X,T>) which have the KMS- 
structures at Ao. An isomorphism ip : (£Ji,Di) ~ (£^2,02) of families of meromorphic X-fiat bundles induces 
the isomorphism ip : (£!i*,Di) ~ (£^2*,D2) of families of filtered X-flat bundles. I 

We say that {E,E>) has the KMS-structure at Aq, if there exists a good filtered A-flat bundle {E^,,!}) which has 
the KMS-structure at Aq, such that E = [JaE. It makes sense by the above lemma. 

Pick c £ such that ct ^ Var(^E^, i) for each i £ S. Assume that /C is a sufficiently small neighbourhood 
of Aq. Take Ai £ IC, and let C/(Ai) c /C be a neig hbourhood of Ai. We set X'-^^^ U{Xi) x X. We use the 
symbols V^'^^^ and in similar meanings. Let -Ki^a denote the projection ^Fa^"^ {cE\x>i) — * * Gr^ " (cE) 

for any a £ Var{cE, i). Let h £]ci — 1, Ci\. If p{Xi,v) = b for some v £ JC{a, i), we put on I?^^^ 

p(Ai ,u)<b 

Otherwise, let bo max{p(Ai, v) < b\v £ IC{a,i)}, and we set ^F^^'^ 'fI;^'\ Thus, we obtain the 
filtration 'F^^i) oi^E^^ix,). It induces the family of the filtered A-flat bundles {Ei^'\D) on (A'(^i), X>(^i)). By 

construction, ReSi(D) — e(A,u) are nilpotent on ' Gr^l^Xuu) (cE) ■ Namely, {eI'^^\B) has the KMS-structure at 
Ai indexed by T{i). Hence, if {E,]!])) has the KMS-structure at Aq, it has the KMS-structure at any A sufficiently 
close to Ao, and the index set is independent of A. For each X £ IC, we put E'^ := {eI^^)^^'^, which is the good 
filtered A-flat bundle. The set JCMS{E^,i) is the image of T{i) via the map i{X). Note K.MS{E°,i) = T{i) if 
€ /C. We often identify them. 

Deformation Let T(A) be a holomorphic function with Re(r(A)) > 0. We obtain the deformation {e'^^\ISi). 
If (£J*,D) is unramified, the set of irregular values is given by 

Irr(D,S(^)) := {T • a | a G Irr(D)}. 

Since the regular part of the completion is unchanged, the set of KMS-spectra is unchanged. 

6 Wild harmonic bundle 

6.1 Definition of wild harmonic bundle 

Local condition for Higgs fields Let [E, Oe, 6) be a Higgs bundle on X — D, where AT is a complex manifold, 
and 13 is a normal crossing divisor of X. We would like to explain some conditions for the Higgs field 6. First, 
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let us consider the case X = A" ~ {z = {zi, . . . , Zn) | < l}, = {zi = 0} and D = Ijf^i A- We have the 
expression: 

^ , n 

We have the characteristic polynomials det(r - Fj{z)) = Aj.k{z) ■ T'' and det(T - Gj{z)) = Bj,k{z) ■ T'=. 
The coefficients Aj^k and Bj k are holomorphic on X — D. 

• We say that 9 is tame, if the following conditions are satisfied: 
(Tl): Aj^k and Bj ^ are holomorphic on X for any k. 

(T2): The restriction of Aj^k to Dj are constant for any j — 1, . . . ,£ and any k. In other words, roots of 
Y Aj,k{z) ■ are independent of 2; e Dj. 

• We say that 9 is unramifiedly good, if there exists a good set of irregular values Irr(6') C M (X, D) /H{X) 
and a decomposition {E,9) — ®aeirr{e}(^'^' ^")^ such that — da • tto are tame, where tto denotes the 
projection onto Eg with respect to the decomposition. 

• We say that 9 is good, if fl{9) is unramifiedly good for some e e Z>o, where is the covering given by 

ipeizi, . . .,Zn) = {zf, . . . ,z|,Z£+i, . . . ,Z„). I 

Global condition for Higgs fields Let us consider the case in which X is a general complex manifold. Let 
D be a normal crossing hypcrsurface of X, and let {E, 9) be a Higgs bundle on X — D. 

• We say that 9 is (unramifiedly) good at P G -D, if it is (unramifiedly) good on some holomorphic coordinate 
neighbourhood of P. 

• We say that 9 is (unramifiedly) good, if it is (unramifiedly) good at any point P E D. I 

Let Z be a closed analytic subset of X, and let {E,9) be a Higgs bundle on X — Z. The Higgs field 9 is 
called wild, if there exists a regular birational map (p : X' — > X such that (i) (p^^{D) is normal crossing, (ii) 
(f~^9 is good. 

Remark 6.1 Even if Z is a normal crossing divisor, wild 9 is not necessarily good. I 

Conditions for harmonic bundles Let X be a complex manifold. Let D be a normal crossing hypcrsurface 
of X, and let {E, Oe, 9, h) be a harmonic bundle on X — D. 

• It is called tame, if 9 is tame. 

• It is called (unramifiedly) good wild harmonic bundle, if 9 is (unramifiedly) good. I 
Let Z be a closed analytic subset oi X . A harmonic bundle (£', dE,9,h) on X — Z is called wild, if 9 is wild. 

Remark We give some remarks on the condition (T2) for tameness. 

1. If 9 comes from a harmonic bundle {E, Be, 9, h), (T2) is implied by (Tl). (See Lemma 8.2 of |18j.) 

2. Let {E,dE,9,h) be a harmonic bundle with a good set of irregular values lir{9) and a decomposition 
{E,dE,9) ~ ®oeirr(6i)(^a'^-Ea,^o) such that 9a := 9a — da ■ TTa satisfy the condition (Tl). The author 

does not know whether (T2) for 9a is automatically satisfied or not. But, if moreover {E, Oe, 9, h) underlies 
a variation of polarized pure integrable structures, (T2) is satisfied. Actually, the roots of the polynomials 
are 0. (See Lemma I7.10l below.) 
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6.2 Simpson's main estimate 

The first fundamental result is an estimate of Higgs field, so called Simpson's main estimate. For later use, we 
recall it in the case that D is smooth. Let X := A" and D := {zi = 0}. Let {E,dE,d,h) be an unramifiedly 
good wild harmonic bundle on X — D. (See Subsections 11.2 and 11.3 of [12] for more details.) We will be 
interested in the behaviour around O. Hence, by shrinking X, we assume that there exists a holomorphic 
decomposition {E,0) — a)eiiiie)xci-^^-o'i^a.a) satisfying the following conditions: 

• For each (a, a), let tto^q denote the projection onto Ea.a with respect to the decomposition. We have the 
expression 

dz " 

0a.a — (a ■ dzi/zi + daj ■ TTo Q — Fi ■ 1~ Gj ■ dzj. 

^1 J=2 



Then, the coefficients of dct(r— Fi) and dct(T— Gj) arc holomorphic on X, and det(T— i^i)|£i = T'' 



ak Ea 



We also set Eg ■= ©asc^O:"' ^^'^ denote the projection onto Ea with respect to the decomposition 

F = 0aelrr(0) ^a- 

Truncation For any a G lrr(0), we have the expression a — J2j<^i '^j ' ^i- We put rip{a) :~ J2j<p '^j ' ^^"^ 
lrr(0,p) := {fyp(a) | a G Irr(6')}. For each b G Irr(6',p), let i?^^-* denote the direct sum of Ea (a G lrr(0), ?7p(a) — 
b), and let tt'^^ denote the projection onto i?^^' with respect to the decomposition E — 0t,(=irr(ep) ^1^^ ■ We 
have Itt{6, —1) = 1tt{9) and Ea = E^ ^\ We have the induced maps riq^p : Irr(6',p) — > Itt{6, q) for q < p. 



each b € Irr(6l,p), we set ^^^^^(i;) 0„<,t, -B^^^ Let £:^^^' be the orthogonal complement ofF^J'^{E) in F^^'^E). 
We obtain an orthogonal decomposition E = ^aeinie p) F^''' ■ Let -n^a^' denote the orthogonal projection onto 

i^a 

We take a total order <' on C Then, we obtain the lexicographic order on Irr(f?) x C . We obtain the 
orthogonal decomposition E = ^ E'^^^ by the procedure as above, and let Tr'a „ denote the orthogonal projection 
onto E' „. 



Proposition 6.2 We have the following estimates with respect to h. 

• TTo^' — TTo^'*' — 0^exp(— e|z^|)^ for some e > 0. In particular, the decomposition E = ^ E^ 
O (^ex'p{—e\zi\)^ -asymptotically orthogonal in the sense that there exists A> such that 



\hiu,v)\<A-\u\h-\v\h-exv{-e\z,iQ)\'') 

for any Q <E X — D , u G -^a|Q '^'^^ v G i?ti|Q 7^ b). 

• 7''a,Q ~ = O^lzil*^) for some e > 0. In particular, the decomposition E = ^Ea.a is 0(|zi|'^)- 

asymptotically orthogonal. I 

Estimate of Higgs field We set 9 :— 6 — ai'^^ + ' d,zi/ zijiTa.a- Let denote the Poincare metric of 
X — D. The estimates in Subsection 11.2 of 19J implies the following. 

Proposition 6.3 is bounded with respect to h and gp. I 

Estimate of curvatures As mentioned in Subsection I2.1.7( we obtain a holomorphic vector bundle £^ = 
{E, dE+^d^) on X—D. The curvature of the unitary connection associated to {£^, h) equals to — (l + |Ap)- \9, 6*^^] . 

Proposition 6.4 [0,0^] is bounded with respect to h and gp. In particular, (£^,h) is acceptable, i.e., the 
curvature of {£^, h) is bounded with respect to h and gp. I 



46 



6.3 Prolongation of unramifiedly good wild harmonic bundles 
6.3.1 Prolongment V£^ 

Let {E^ Be, 0, h) be a good wild harmonic bundle on X — D, where X is a complex manifold and _D is a normal 
crossing divisor. As mentioned in Subsection 12. 1.7[ we obtain a holoniorphic vector bundle £^ = [E, Oe + A0^) 
on X — D for each complex number A. It is important to prolong it to a good filtered A-flat bundle on {X, D). 
For simplicity, we explain it assuming the following. (The general case can be easily reduced to this case.) 

• X = A" and £> = ULii^i = 0}- 

• {E, Be, 0, h) is unramifiedly good wild, and the underlying Higgs bundle has the following decomposition 

iE,0)= (-B„^„,0a.«), (40) 

aelrr(e) 

such that (i) 6a ~ 9a— [da + X]j=i '^j ' '^^j/^j) ' '^a.a are tame, where na^a denote the projections onto 
Ea,a, (ii) det(r - Fj)p^ = r™ik£;a.„ foj. ^he expression 0a = ' dzj/zj + Ej=£+i Gj ' dzj. 

For any open subset U C X and a e i?^, we set 

£ 

Va£\U) := {/ e £^{U \ D) I l/U = k»r"'"') Ve > o} 

1=1 

Thus, we obtain an increasing sequence of Ox-modules V^E^ {Va^^ \ Q G i?^). We obtain an Ox{*D)- 
module V£^ := Ua^a^^- 

Proposition 6.5 

• (Subsection 11.4 o/ [19j j (7'*f D^) is an unramifiedly good filtered X-flat bundle. The set of irregular 
values is given by 

Itt(P^,V£^) = {(1 + lAp) • a I a e Irr(6l)}. 



(Subsection 12.2 of |19| ) ?(A) induces the bijection JCM.S{£^ ^i) — > /CA^5(£ ,i) /or each i. We also have 

e(A,(a,Q)) ' 



dim^Grr,f(7'£°) ^dim'Gr^f^ (T'f^). I 



Take an auxiliary sequence for Irr(6'). Let Irr(6', Tn(0)) denote the image of Irr(6') via ?/m(o)- If A 7^ 0, for 
each small sector S in {A} x (X — £)), we have the Stokes filtration in the level m(0), indexed by the ordered 
set {(1 + |Ap) • a I a G lrr(0, m(0))} with <s. We have the following characterization of the filtration by the 
growth order of the norms of flat sections with respect to h. (See Subsection 11.4.1 of [19j for more details.) 

Proposition 6.6 Assume A 7^ 0. Let f be a flat section of £^g. We have f £ •^(^+|a|2)[j /'-"~ ^ ^ Irr(6', m(0)), if 
and only if 

/•exp((A-i+A).b)[ = 0(exp(C.|2-«|). J] l^^l""^) 

kii)<j<i 

holds for some C > and N > 0, where fc(l) is determined by m{l) G Z^q'' x 0£_fe(i). I 
6.3.2 Prolongment vi^°^£ 

It is important to consider families for A. In the tame case, the family [Jx^^^ gives a regular family of 
meromorphic A-flat bundles. More precisely, if we consider the sheaf of holomorphic sections of £ of polynomial 
growth, then (i) it is a locally free Ox (*I?)-module, (ii) the specialization at each { A} x AT is naturally isomorphic 
to V£^. (We need some more consideration to take nice lattices.) 
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However, it does not in the non-tame case, as suggested by the fact that the sets 

Irr{r£^,B^) = {(1 + \M^)a \ a E lrr{9)} 

depend on A in a non-holomorphic way. We consider an auxiliary family of meromorphic A-flat bundles 'P^^°^£. 
We explain it under the above setting. 

Let iTa,a denote the projection onto Ea,a in (HO])- We set 



g{\) := Y\ exp (a • (a + ^ a, ■ log |zjf 



Let (7(Ao) denote a small neighbourhood of Aq £ C. We set A'(^o) := U(\q) x X, and D^^") := f/(Ao) x D. We 
also set := {A} x X and ~ {A} x D. Let px be the projection of A'(^o) - V^^o) onto X-D. We consider 
the hermitian metric 

V'^^^^h :=g{X-Xa)*h 
ofp^'^E on A'(^o) - P^^o). Let a € fi^. For any open subset V of A'^^"), we define 

e 

where T^* := V\V^^<'l Thus, we obtain an increasing sequence a e i?^) of 0_^.(A(,) -modules. 

We put T'^^o'f UaeK* The restrictions to are denoted by T'i^'^^f ^ and V'-^'>^£^. 

Proposition 6.7 

• (Subsections 13.1 one? 13.2 0/ [19] ) (7'i^°''£,D) is an unramifiedly good family of filtered X-flat bundles. 
The set of irregular values is given by 

Itt(V'-^°^£,B) = {(1 + AAo) • a I a e Irr(6l)}. 

• (Subsection 13.2.1 of |19JJ Recall that we have the deformation mentioned in Subsections 15.2.21 and 15.41 
for which (-P^^o'f^,©^) is isomorphic to (T'f^, ID)^)^(^) ivith T(A) = (1 -f |A|2)-i • (1 -|- AAo). 

• (Subsection 13.2.3 of jigj; Lef t/(Ai) C C/(Ao) &e smaZ/, anrf we set A'(^i) C/(Ai) x X. Then, {V^^^^E, B) 
on A'(^i) is isomorphic to the deformation (T'^-^^^f, ID))[^|^°,'^'^^ with T(Ao, Ai) = (1 + AAo)"^(l + AAi). I 

We should remark that V^'^°^h 7^ h even in the tame case, and hence vi^°^£ are different from a£ in [H] in the 
tame case. We can avoid to use V^°^£ by considering KMS structure in the tame case. 

By the property (D2) of the deformation (Subsection 15. 2. 2p and the correspondence between JCMS{V£^, i) 
and K.MS{V£^ ,i), we can show the following. 

Lemma 6.8 It has the KMS-structure at Aq with the index sets 1CMS(V£^ , i) {i ^ 1, . . . ,£). I 
6.3.3 Prolongment Qi^°''£ and Q£ 

Applying the deformation procedure to D) with T — (1 + AAq)^^, we obtain a family of good filtered 

A-flat bundles (q1^°^£:,D) on {X'^^«\V'^^<'^). Then, Q^a''''£ is an unramifiedly good lattice of Q(^«)£ with the 
good set of irregular values Irr(Q('^°)£, D) = lrr(0), i.e., 

(Qi-^")£:,B)|g= {Qi^<'^£aA), 

aGlrr(e) 

such that Dp — rfa • id has logarithmic singularity for each a. By using the property (Dl) of the deformation 
explained in Subsection 15. 2. 2i we obtain the following. (See Subsection 15.1.1 of [T^ for more details.) 
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Lemma 6.9 (Q(^"^£, ID))|;t'A is naturally isomorphic to {VS^ with Ti(A) = (1 + |A|2)-i > 0. I 

By the property (Dl) of the deformation, we have Q'^^"^£^;^;(xi) — Q'^^^^S. Hence, we obtain the global family 
of meromorphic A-flat bundles (Qf ,D) on Cx x {X,D). By using the property (D2) of the deformation and 
Lemma we can show the following. 



Lemma 6.10 For each Xq, (Q£,D) has the KMS-structure at Ao indexed by ICMS (V£'^ ,i) (i = 1, . . . ,£). I 

Let S be a small sector in {A} x {X — D). By Lemma [^7^ the Stokes filtrations of Q£^ and VE^ in the level 
Tn(0) are related as follows: 

(Q^) = ^fi+|AP)„(7'4) , a e J^t{9, m(0)) 

Hence, we have the characterization of the Stokes filtrations of Q in the level m(0), by growth order of the 
norms of flat sections with respect to h. (See Subsection 15.1.1 of 19J for more details.) 

Proposition 6.11 Let f be a flat section of We have f £ J^^{QS^g) for b £ lrr{9, m(0)), if and only if 
/•exp((A-i+A).b)[ = 0(exp(C.|2-W|). J] l^^r"^ 

fe(l)<j<£ 

holds for some C > and N > 0, where fc(l) is determined by m{l) £ Z^'q^ x Og_k{i)- I 

By taking Gr with respect to the Stokes filtration JF"^ in the level m(0) explained in Subsection I5.2.2( we 
obtain an unramifiedly good lattice (Gr^'"' (Q£), ©„) . 

In the case that D is smooth, we have the following characterization of the full Stokes filtration (Sub- 
section 15.1.1 of [H]). 

Proposition 6.12 Let f be a flat section of £^g. We have f £ J-^{Q£^g) for b £ lvv[9), if and only if 

/•exp((A-i+A).b) =0(|zi|-^) 

h 

holds for some N > 0. I 

Remark 6.13 We have a characterization of full Stokes filtrations or more general Stokes filtrations in the 
level m{i), even in the general normal crossing case. I 

6.4 Reduction from wild to tame 

Let X , D and {E, Oe, 9, h) be as in Subsection l6.3l By making the same procedure to (i?, Be, 9\ h) on X^ — D\ 
we obtain the family of meromorphic /i-flat bundles (Q£^',D^') on x [X^D^^). 

Lemma 6.14 The correspondence (a, a) < — > (—a, a) induces a bijection K,MS{V£'^ ,i) ~ JCA4S{V£^'^ ,i). We 
also have the bijection lrr{9) ~ lrr(0^) given by a < — > a. 

Proof The claim for lrr(0) and lrr(0^) is clear. See Corollary 11.12 of [18] for the correspondence between 
K.MS{V£° , z) and K.MS{V£^ " , i) . I 
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One step reduction I Since both the Stokes filtrations of {Q£^,TD)^) and {Q£^ ^',^D>^^') are characterized by 
growth order of the norms of flat sections with respect to /i, we have the induced isomorphisms of the associated 
graded family of flat bundles for a G Irr(6', m(0)): 

Hence, they give a variation of P^-holomorphic vector bundles denoted by Gr™'°-'(£^, D^) on x {X — D). 
We can show that the pairing S : (g) a* ,1$^ ) — > Ox~v is extended to 

Q£(E)(J*Q£^ ^Oc,xx{*{CxxD)). 

(See Subsection 15.1.3 of [H].) By functoriality of Gr with respect to Stokes structures, we obtain 

Grr("'(Qf ,©) a* Gr^^"' (Qf pt) _^ Oc,.x{^{Cx x D)). 

Similarly, we obtain Gr7^°^(Qf t^ut) ^ ^r* Gr^^^") (Q£, D) — > Cc^xXt(*(C^ x D^)). They give a morphism 
of variations of P^-holomorphic vector bundles: 

Gr^(°)(5) : Gr^(°)(£^, D^) ® a* Gr^(°)(£^,D^) ^ T(0) 

One of the main result in the study of wild harmonic bundles is the following. (See Subsection 15.2 of [19] 
for more details.) 

Proposition 6.15 If we shrink X appropriately, the following holds: 

• GT'^'-°\£^,n^,S) IS a variation of pure polarized twistor structures. 

• Let {Ea,da,h 

aT^a) denote the underlying harmonic bundle for a G lrr(0, m(0)). By construction, the 
Higgs bundle (Ea,9a) is naturally isomorphic to 

lielrr(e) a 
'?Tn(0)('') = ti 

(Recall the decomposition (j40p ). In particular, the harmonic bundle is unramifiedly good wild. The set of 
irregular values is Vm(o)^'^)- 

• Let (Qf(,,D(j) be the family of meromorphic X-flat bundles on C\ x (X,D) associated to {Ea,da,ha,9a). 
Then, we have the natural isomorphism (Qfa,Da) — Gt:^^'^\Q£ ,0) . 

• Similarly, let {Q£^, E*^) denote the associated family of meromorphic ^-flat bundles on Cf^ x (X, D). Then, 
we have the natural isomorphism (Qfl, D^-) ~ Gr^''"'' (Q£^, D^) . I 

One step reduction II Let Irr(6',m(j)) denote the image of Irr(6') via f]m{j)- For each o G Irr(6', Tn(j)), we 
obtain a variation of P^-holomorphic bundles with a pairing Gr^'''''(£'^,D^,5), which is naturally isomorphic 
to Gr""'-'^ Gr!"*^"^\ J£^,]D^,S). We explain how to apply Proposition [US] in this situation. 

Let us consider the case in which lrr(0, m(j — 1)) consists one element. We take any a G lrr(0). Let L{—a) 
be the variation of polarized pure twistor structures as in Subsection 12.2.11 The underlying harmonic bundle is 
also denoted by L(-a). We set {E' ,dE' ,0' ,h') := {E,dE,0,h) ® L(-a). Note Irr(6l') := {a' - a| o' G Irr(6')}, 
and hence m{j),m{j + 1), . . . , m{L) give an auxiliary sequence for lrr{6'). We have the natural isomorphisms 
of the associated variation of polarized pure twistor structures: 

i£^ , , 5) ~ i£'^ .W^,S')(g, L{a) 
For each b G lrr(0, in(j)), we have the natural isomorphism: 

(£ A ^ ^ 5) ^ Gr^-lu, M ^^'^ , ©'^ , 5') ® L(a) 

Hence, by shrinking X appropriately, we obtain that Gr'^'"''\£^ ,S) is also a variation of pure twistor 
structures, due to Proposition 16. 15l 
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Full reduction Let us consider the general case. By using the above result inductively, we obtain that 
Qj.m-0) ^Ji^ ^ S) are variations of polarized pure twister structures for any a £ lrT{6, m{j)). The underlying 
Higgs field is 

belrr(e) a 

For any a € Irr(6l), we set Grf„""(£,ID)^,5) := Gr^^^^ (f , B^, 5), which are called the full reductions. Let 
{Ea,da,ha) bc the underlying harmonic bundles. Then, (Ea,da,ha) L(— a) are tame. This procedure is the 
reduction from wild harmonic bundles to tame harmonic bundles. 

6.5 Reduction from tame to twistor nilpotent orbit 

Let X :— A", Di — {zi — 0} and D := IJ^^j^ Di. Let {E, Oe, 6, h) be a tame harmonic bundle on X — D. The 
family of A-flat bundles (f,©) is prolonged to a family of meromorphic A-flat bundle [Q£,IS>), which has the 
KMS-structure at Aq indexed by ICMS{V£^ ,i) {i = 1, . . . ,£) for each Aq G C\. For later use, we recall how to 
obtain the limiting mixed twistor structure. For simplicity, we assume ICMS{£°,i) c -R X {0}. See Section 11 
of [18] for the general case. See also an account due to Hertling and Sevenheck in [9] for this case. 
In a neighbourhood C/(Ao) of Aq, we set 

for a e Var{V£^ ,t). (See ([55]) for the right hand side. In this simpler case, we have only to take Gr with 
respect to parabolic filtrations.) By varying Ao G C\ and gluing them, we obtain the vector bundle G(a,o){E) 
on C\. It is endowed with the nilpotent maps A/i {i = !,...,£), which are the nilpotent part of the residues 
ReSi(D). By applying the same procedure to {E, dE,0\ h) on X^ — D\ we obtain the vector bundle Q]^^^^ {E) 
on with nilpotent endomorphisms M} induced by residues ReSi(D^^). We would like to glue Q(afi){E) and 
^l-a. o)(-^)' to obtain a vector bundle S'(l\-^{E) on P^. 

We have the D-flat decomposition Qo^|c* xjf = ^aeVariVaS" t) S{a,o)£ with the following property: 

• Let Mi be the family of the monodromy endomorphisms along the path (zi, . . . , e'^'^^^~^^ Zi, . . . , z„) (0 < 
9 < 1) with respect to B)^ . Then, the restriction of Mi to Gi^a.o)^ has the unique eigenvalue exp(27rV— loi) • 

• G{a,0)£\ClxO — G{afi)iE). 

For A 7^ 0, let H{£^) be the space of multivalued flat sections of {£^^,0^}. We have the holomorphic vector 
bundle Ti-iE) on whose fiber over A is H{£^). We have the decomposition 

aeVar{V(,£°S 

such that (i) it is preserved by the monodromy Mi, (ii) the restriction of Mi to G{afl)H{E) has the unique 
eigenvalue exp{2'K-/^ai) . 

Let U C C*x, and let s be a section of G{a,o)T^{E) on U. We regard s as a multi-valued flat section of G{a,o)^- 
It is expressed as a finite sum: 

i 

s = • ]^exp(ailogZi) • (logZi)'"' 

1=1 

Here, fm are holomorphic sections of G(a,o)^\Uxx ■ We set $(^"o)('^) ^ fo\UxOi and thus we obtain an isomor- 
phism 

^(a'o) ■ ^(a.O)W(-E) > G(afi)£\ClxO = G{a.O){E). 

Let 8 ~ {1, ... ,1) £ . We have the B^-flat decomposition Q<,s£^\^(j, ~ ®a<^Var{Vo£° e) G{~a,o)£^ with 
the following property: 
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• The restriction of Af^ ^ to G(-a.Q)^^ has the unique eigenvalue exp(— 27r-\/— loi). (Because the base space 
is the complex conjugate — , the direction of the loop is reversed.) 

• ^(-a,0)^|c;xO - ^(-a,0)(^)- 

Similarly, let T0{E) be the holomorphic vector bundle on C* whose fiber over /i is the space of the multi- 
valued flat sections of {£^^^,W^^^). We have the decomposition 

aeVar{Vo£°A) 

such that the restriction of M^^^ to G{-a.o)'^H^) the unique eigenvalue exp(— 27r-\/— Ici) . For a section s 
of ^(-a,o)W^(-E^)|(7, we have an expression 

e 

s = ^fL • ]Jcxp(-ailogZi) • (logZj)™', 
1=1 

where are sections of Q^Juy^x' '^(o"o)('*) ~ ■^o|(7xO' ^'^'-^ thus we obtain an isomorphism 

By construction, we have the natural isomorphism G(a.o)l^{E) — G{~a,o)T^^ {E) under the identification of 
C*x — C* via /i — A^^. Thus, we obtain the vector bundle S^^qs^{E) by gluing Q(a,o){E) and G^(^_^ o)(^)- Under 
the gluing, we have the relation 

Thus, ^f^ ■ 4"^^ and Woo ' ifc"^^ give the morphism Af^ : ^[^^"^^(i;) — > 5'[=^"o)(i^) «) T(-l). The tuple of them is 
denoted by . 

The morphism S{) : £ ® a*£^ — > Ox--d is extended to Qq£ ® (t*Q<,s£^ — » Ox- Similarly, we have 
Q<s£'^ ® a*Qo£ — * Oxf. They induce 

They are preserved by the above isomorphisms. Hence, we obtain S(afl) '■ S^aO)(E) ® S^a%(E) — > T(0). 
Theorem 12.22 of [18] implies the following. 

Proposition 6.16 (S'^^'^q-^{E), N'^ ,S) is a polarized mixed twistor structure of weight in £-variables. I 

By Theorem 14. 1[ a polarized mixed twistor structure induces a nilpotent orbit. This is the reduction from tame 
harmonic bundles to nilpotent orbits. 

Remark 6.17 Although the notation is changed, the construction explained in this subsection is the same as 
that in (18j . In the tame case, Q£ is equal to the sheaf of holomorphic sections whose norms with respect to h 
are of polynomial growth order. We also remark the uniqueness in Lemma 15.441 I 
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Family version The construction can be done in family on Di^ := ni=i-^j- the construction of 

Q(a.fi){.E), we obtain the vector bundle -g(a.fl){Q£) on Vi := Cx x Di, as the gluing of ^^^[^^J) (Q(^°)£). They 
are equipped with the nilpotent maps J\fi {i = 1, . . . ,£). By applying the nearby cycle functors for 7?,- modules 
along Zi {i ~ 1,. . . ,£), or by a direct consideration as in Subsection 8.8.3 of [18], we obtain the induced family 
of flat A-connections D^.o of -G{a.Q){Q£) for which Afi are flat. Similarly, we obtain a family of /i-flat bundles 

(-^(-a,o)(Q^^),IQ'(_a 0)) ^ ^i*'^ fl^t nilpotent maps Af^ . 

Let q : X — D — > Dg be the projection. We naturally obtain a holomorphic vector bundle 7i(£') on 
C*^ X Di, whose fiber over (A, P) is the space of multi-valued flat sections of {£^,'D^)^q^i(^py It has the 
generalized eigen decomposition 7i(-E) = ®-G{a,o)^{E^) with respect to the monodromy endomorphisms around 
Di. {i = 1, . . . ,£). It is naturally equipped with the family of flat connections d£ q . 

By using the family of flat bundles (G(a,o)£ i^'^) i we obtain the flat isomorphisms 

*(a?0) '■-Q(a,0)'H{E) > -^(a,0)(Sf)|C*x_D^- 

Similarly, we obtain the flat isomorphisms <i>(™Q) : -^(a.o)"^!-^) — * ~^(-o.o)(2'^^)|c* xd* • gluing, we 

obtain a variation of P^-holomorphic vector bundles {-^aQ-^ao) with a tuple of flat nilpotent morphisms 

-^^:<o— -<o®T(-l), (z = l,...,£) 

We also have the induced flat symmetric pairing S : -Sa.o ^ ^*~^a.o — * T(0). By Proposition [6T6l 

is a variation of polarized mixed twistor structures of weight in £- variables. (See Subsection 12.4. II ) 



7 Prolongation and reductions in the integrable case 

7.1 Preliminary Estimate 
7.1.1 Statements 

Let X := A" and D {zi = 0}. Let {E,dE,d,h) be an unramifiedly good wild harmonic bundle on X — D. 
For simplicity, we assume that there exists a holomorphic decomposition 

{E,e)^ {E,,9,) (41) 

aGlrr(6») 

such that 9a — da ■ vto are tame, where tTo denotes the projection onto Ea with respect to the decomposition 

Remark 7.1 Since (E,dE,9,h) is assumed to be unramifiedly good, such a decomposition exists on a neigh- 
bourhood of each point of D. Because we are interested in the behaviour around O, we may assume such a 
decomposition exists globally by replacing X with a small neighbourhood of O. I 

Let U he & holomorphic section of End(£') on X — D such that \9,U\ — 0. Let Q be a C°°-section of End(i^) 
on X — D such that Q= Q} . We assume the following equations: 

BeU -[9,Q]+9 = (42) 

dEQ+[eM^]^0 (43) 

We set U ■.= U + X]aeiir(e) ' ""a- We will prove the following proposition in Subsections 17. 1.2H7. 1.61 

Proposition 7.2 U ^ 0{1) and Q = C'((- log Izil)*"^) for some Af > with respect to h. 
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Remark 7.3 Eventually, we obtain that Q is bounded. (See Corollarv \7.1G\ and Corollaru U .221 ) See Corollary 
17.81 for the boundedness ofU in the case that D is normal crossing. I 

We set (7irr(A) — exp^0Aa- tto^. Let Aq G C, and let U{\q) be a small neighbourhood of Ao in C. Let p\ 
be the projection of U{\q) x {X — D) onto X — D. We consider the hermitian metric 

vl':"h:^g,,,{X^Xorh (44) 

of Px^E on U{Xo) X {X - D). We regard U and Q as C°°-sections of End(p^^i?). We will prove the following 
lemma in Subsection 17.1.71 

Proposition 7.4 Assume U{Xo) is sufficiently small. Then, U ~ 0{1) and Q = 0((— log |zi|)^) with respect 
to V[^;h. 

7.1.2 Preliminary 

We take orthogonal decompositions E — @ E'^ ^ — ® E'^ as in Subsection 16.21 For any / e End(i?), we have 
the decompositions: 

We have similar decompositions for sections of End(i?) ® il^^'. The following lemma is easy to show by using 
Proposition [ 



Lemma 7.5 Let f he a C°° -section o/End(i?) such that f commutes with 9. 

• Ifa^h,we have l/^J/. = o(exp ( - e|zi|°'<i(»-''))) ■ \f\n for some e > Q. 

• Ifa^f], = 0(|zi|^) • \f\h for some e > 0. 
7.1.3 Step 1 

Let 9i denote the dzi-component of 9. 

Lemma 7.6 We have the following estimate with respect to h: 

^ " J V|zi|.(-log|zi|)y I I" 
Proof In the following, ci denote some positive constants. We have the decomposition: 

HM-T.i<a,b^K,~K.b09l^,) 
a,b,c 

By the estimates in Subsection 11.2 of [TS] (see Subsection 16. 2p . we have the following estimates for a ^ b: 

Because U and 9 are commutative, we have the following estimate for o 7^ b due to Lemma [TTS] 

U',^,^0{exp{~e2\z,\-^))-\U\^ 
Hence, we have the following estimate with respect to h: 



\u\ 
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Similarly, we have the following estimates for a ^ by Theorem 11.12 of and Lemma [7.51 

<(a,«),(a.« = • f^. = 0(|zi|-) 

By Proposition 16.31 Oj'^ — (da + a ■ dzi/zi) ■ ttJj is bounded with respect to h and Poincare metric of 

X — D. Hence, we obtain 

Thus, we obtain Lemma 17.61 I 
7.1.4 Step 2 

Let 9i denote the ctzi-components of Oe and d. Similarly, let di denote the dzi-component of De and d. The 
following holds: 

di\u\l^ {u,diU),^ = {u,[0i,Q] - 0i) = -tr(u ■ [elQ]') - ti-(u ■ el^ =-tY(^[u,el] ■ Q)-tr(u-e{ 

Hence, we obtain 



I 1'^ V|zi| • (-log|2;i|)/ \ \h \ \h V|zi|^/ 
We also have 

d,\Q\l = -{Q, [e,,u^])^ + {[elM, Q) - ^(^^-p^^) • ■ |q|,. 

Therefore, we obtain 

9i(Ml + \Q\l) =o( , J -I^L-lgL + of^Vl^L- (45) 

V l/i I \hj V|zi|(-log|zi|)/ ^ \ \h \\zi\^ J I I'' ^ ^ 

We set r := \zi\ and f := (|Z^|^ + |Q|^ + l)^^^. We use the polar coordinate (r, arg(zi), Z2, ■ • • , z„) . We 
consider the estimate on a simply connected region Z{t9o,'di) := {do < arg(zi) < -di} for some fixed -do < -di. 
We obtain the following estimate from (|45p : 

We take a solution H 7^ of the differential equation: 

— i? = — Gi • iJ 

or 

There exist Ci > and Mq > such that Cf^ • (- logr)-*^" < \H\ < Ci • (- logr)^^°. Since Z(i?o,'?i) is simply 
connected, we can take TJi/^ Then, we have 

^{H-F')=G2-H-F^iG2- H'/^) ■ (H'/^ ■ F). 

Because G2 • H^/^ = O^r^^^i^, we obtain H ■ F'^ = 0{r-^'^^), and hence F = 0{r-^'^). Thus, we obtain the 
following estimate on Z{-do, -di) for some M4 > 0: 

|Z^|, = 0(r-*^-), |Q|^ = 0(r-^^) (46) 

By varying 9q and 0i, we obtain the estimate P5|) on X — 13. In particular, we obtain the following estimate 
on X — Z3 for a 7^ b: 

Zi;,=0fexp(-6|zi|-d(°-'')V 



55 



7.1.5 Step 3 

We have = [ei,U^ +o(exp{~e\ zi\ ^) • dzi^ with respect to h. By an argument in the proof of Lemma 

17.61 we obtain the foUowing estimate with respect to h: 

[0,,U^ = 0{j-^-^^^) -1^1 + 0(exp(-e|z,|-) • dz,) (47) 

According to an estimate in Subsection 11.5.2 of [IS], we have 

diU = diU — ^ Sia • TTa + 0^exp(— e|zi|^^) • dzi^ 

oelrr(e) 

We set 6*:= 6* -^^g 

iri(e) da - TTa- We obtain the foUowing estimates with respect to h: 

diU - [01, Q]+A = 0(cxp(-e|ziri)) (48) 
diQ+ [OiM^] = 0(exp(-6|ziri)) (49) 



We set F := + |Q|^j + l)^^^. As in Step 2, we consider the estimates on Z^-dQ^Si). By using an argument 

in Subsection 17. 1.41 we obtain 

or \r ■ {— logr) / V r 

We take a solution Hi ^ oi the differential equation: 

d ~ ~ ~ 
— = — Gi • Hi 
or 

1/2 



Note log|iJi| = o[ log(— logr) ) . By choosing hI , we obtain 



l{Hi.F^) = {G,-Hl^')-{Hl^'-F) 



Because G2 • hI^^ = o(^r ^ ■ (— logr)*^^^ for some M5 > 0, we obtain Hi ■ F^ = 0^(— logr)^^'^^ for some 

Mq > 0, and thus F — o|^(— logr)*^''^ for some M-^ > 0. Therefore, we obtain the following estimates with 
respect to h: 

U^o[{-logrf'), Q = o((-logr)*'^) (50) 

7.1.6 Step 4 

By ([5D|) . U is a. holomorphic section of VoEnd{E). Because [6,U] = 0, we obtain the boundedness of by 
an estimate in Subsection 11.7 of [19]. Thus, the proof of Proposition 17.21 is finished. I 

Remark 7.7 From ([17|) and (|49p . we also have the following estimate: 

dzi 



V|zi| • (-log|zi|). 

Hence, we actually obtain Q = 0(log(-- log |zi|) ] . However, we will obtain the boundedness later. I 
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7.1.7 Proof of Proposition 17.41 

For an endomorphism / of E, we have the foUowing: 

I-^I-P.'^o'/I ^ |5irr(A - Ao) O fogi,,{X - Ao)"^|,^ (51) 

Hence, the claim for U is clear from [U, .giri (A — Aq)] = 0. We have the decomposition VqE'^ — VqE^ extending 
E = ® £^a- Let V = (va) be a holomorphic frame of VoS'^ compatible with the decomposition. Let C be the 
matrix- valued function determined by div ^ v ■ C ■ dzi. We have the decomposition C = (Ca, ti) corresponding 
to the decomposition v ~ {va)- According to an estimate in Subsection 11.5.2 of [19], there exists ei > such 
that the following holds for o ^ b: 

=o(exp(-ei|zir'-^("-''))) 

Let A be the matrix-valued function determined by Uv — v ■ A. Note A is block-diagonal, i.e., A = ^a,o- We 
have {diU)v = v ■ {diA + [C, A] ■ dzi). We set B ■ dzi := diA + [C, A] ■ dzi = {Ba,b ■ dzi). Then, there exists 
62 > such that the following holds for a 7^ b: 

Ba^t, = C,^, ■ A,,, - Aa,, ■ Ca,t, = O (exp(-e2 1 ^1 1^''^"""))) (52) 

For any section / of End(i?) (E) il^'^, we have the decomposition 

/ = ^/a,b, /a,b eHom(Sb,^a)'»f^'^°. 

From the relation diU — [9i, Q] + Oi = 0, we obtain the following: 

idiU)a^^ - ai(a - b) • Z^a,b - (^1,0 - dia) ■ U^,^ + U^,b ■ (^i,b - ^ib) = 
Note the following (see Proposition 16.21 and Proposition 16. 3p : 

d{a-b)/dz,^\z°''''^''-'^-^\-dz,, \e,,,-d,a\^ = 0{dz,/z,), \0,,, - d,b\^ = 0{dz,/ z,) (53) 
The estimate ((52)) implies the following: 

\{d,U),^,\ = O(exp(-e2kir"'*'°-'0) (54) 
Due to (|53|) and ([54]) . there exists £3 > such that the following holds for ^ b: 

|Q„,t,|,^ = o(exp(-e3|zir'-'^(»-^0) 
By using (|5ip . we obtain the desired estimate for Q with respect to if U{\o) is sufficiently small. I 

7.1.8 Complement for the normal crossing case 

Let X := A" and D := lJi=i{-^i — Let {E,dE,S,h) be an unramifiedly good wild harmonic bundle on 
X — D. Let U he a holomorphic section of End(£') on X ~ D such that [6,U] — 0. Let Q be a C°°-section of 
End(i?) on X — D such that = Q. Assume that they satisfy the equations (|42p and (|43)) . We also assume 
that there exists a holomorphic decomposition (E, 9) = ®a&i^r{S)^^a^^a) ^^^^ that 9a~da- tTo are tame, where 
TTa denotes the projection onto Ea with respect to the above decomposition. We set U :~ U + X]aeirr(0) ' '"'a- 

Corollary 7.8 U is bounded with respect to h. 

Proof It follows from Proposition !?. 21 above and the estimate in Subsection 11.7 of 19]. I 
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7.2 Prolongation of variation of integrable twistor structures 

7.2.1 Statements 

Let X be a complex manifold, and let _D be a simple normal crossing divisor of X. Let {£^,3^,3) be a 
variation of pure polarized integrable twistor structures of weight on x (X — D). We have the underlying 
harmonic bundle {E, Oe, &, h) on X — D. 

Definition 7.9 

• We say that (£^,D^,iS) is tame (wild, good wild, unramifiedly good wild), if {E,dE,0,h) is tame (wild, 
good wild, unramifiedly good wild). 

• If we are given a real structure k o/(5^,D^,5), we say that the variation of polarized pure twistor-TERP 
structures (f ^, D^, 5, k, 0) is tame (wild, good wild, unramifiedly good wild), if{£^,Ii^,S) is tame (wild, 
good wild, unramifiedly good wild). 

Note that "wild" does not imply "good wild" as remarked in Remark \6.1i I 

Assume that {E,dE,d,h) is good wild. We will show the following proposition later. (The tame case was 
shown in [9_.) 

Lemma 7.10 The sets of ICMS{r£" ,i) are contained in R x {0}. 

We use the notation in Subsection l2.1.7l As explained in Subsection 16.31 ,©) is prolonged to the family of 
meromorphic A-flat bundles (Qf,D) on C\ x {X,D), and {£^,3^) is prolonged to the family of meromorphic 
/Lt-flat bundles {Q£\B^) on x{X\D^). 

Proposition 7.11 

• B-f (resp. B^f) gives a meromorphic fiat connection of Q£ (resp. Q£^ ). 

• If a real structure n of is given, kq : 7*£^ ~ £ is extended to the isomorphism 7* ~ Q£ . 
Similarly, k^o ■ '~f *£ — £^ is extended to "f * Q£ ~ Q£^ . 

For the proof of Lemma [7. 101 and Proposition (TTTI] we may and will assume (i) D is smooth, i.e., £ ~ 1, (ii) 
[E, dE,0,h) is unramified. 

7.2.2 Meromorphic connection of 'p(-^°')£ 

Let Ao e Ca, and let U{\o) be a small neighbourhood of Ao in Cx. We set X^^"'' := U{Xo) x X and 'D^^°'> := 
U{Xo) X D. Recall that we have a family of meromorphic A-flat bundles {r'^^°'>£,B) on {X^^°\V^^°'>), as 
explained in Subsection 16.31 Note that 'P^'^°i£ is identified with the sheaf of holomorphic sections of £ of 
polynomial order with respect to v[^°^h, because V^^^'^h and 'P^^°^h are mutually bounded up to polynomial 
orders. (See ^ lorVl^°'^h. They are different in general.) 

Proposition 7.12 W gives a meromorphic flat connection ofV^^°^£. 

Proof We have only to show X^V x{dx)'P^^'''^ £ C 'P'-^°^£. As mentioned in Subsection I2.1.7[ we have the 
induced holomorphic section U of End(i?) on X — D such that [9,U] = 0, and the C°°-section Q of End(i?) 
such that Q'f — Q, determined by 

Vx = dx + {X-'U-Q-X-U^)^, 

where d\ denote the naturally induced flat connection of p^^E along the A-direction. They satisfy the equations 
(021) and JSl). 
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Let V = (va) be a holomorphic frame of VqE^ compatible with the decomposition VqE'^ = ^a^o^a- 
Corresponding to the decomposition v = (va), the identity matrix is decomposed into ®aeiiiie) ^o- regard 
t> as a C°°-frame of £\x('^o)-v<.'^o)y and we set 

V = gi„{X- Xo)~'^v = V ■ ^ exp(-(A - Ao) • a) • 

oelrr(e) 

Let H (vl^j.°^ h,v) denote the Hermitian matrix-valued function whose (i, j)-entries are given by v[^^"^ h(vi,Vj). 
Then, it is clear that H{v[^°^h,v) and its inverse are of polynomial order. We also have the following relation: 

dxv^v-A, A:= -^a- d\- la 

Let ii; be a holomorphic frame of vi^"^£. Let H {v[^°^ h,va) denote the Hermitian matrix-valued function 

whose (i, j)-entries are given hy V[^;h{w^,wj). Then, H{v[^°\,w) audits inverse are of polynomial order. 
(See Subsection 13.1.2 of [19^, for example.) Let G be the matrix-valued hmction determined hy w = v ■ G. 
Then, G and G^^ are of polynomial order. We have 

dxw = v-(^A-G + dxG^ = w ■ (g-^ ■A-G + G'^dxG^ . 

Since v and w are A-holomorphic, G is A-holomorphic. Hence, dxG and G^^ ■ A-G + G^^dxG are of polynomial 
order 

Let B be determined by }?V x{dx)w ^ w ■ B. Then, B is of polynomial order, and hence meromorphic. 
Thus, the proof of Proposition 17. 121 is finished. I 

We have the irregular decomposition: 

= {ri^"^£aA) (55) 

aelrr(e) 



Lemma 7.13 

• A^Va(9a) preserves the decomposition (I55p . 

• Assume Xq ^ 0. Then, (|55p is the irregular decomposition for D^) , andVa^"^£ is an unramifiedly 
good lattice of'P'^^°'>£. 

Proof Since it can be shown by a standard argument, we give only an outline. Let v = (va) be a frame of 
vji^'^E^^ compatible with the decomposition ([55)1 . Let A — J2^i>M be determined by X'^Vx{dx)v — v ■ A. For 

a^b, let Fi,,„ : vj,^"^£a — > vi^°^£b be given by F^^aVa = ■ Ab,„. Because [X^\/ x{dx),'S])f] = 0, we obtain 
that Fb^a is flat. However, meromorphic flat section has to be in the case b ^ a. Thus, we obtain the flrst 
claim. 

Let us show the second claim. Let Bg be determined by 

Bf{zidi)da = da ■ ((A-i + Ao) • zidia + B„) 

Then, Ba is regular. For o = 0, the following holds: 

X^dxBo + Ao.o -Bo -Bo- Ao,o - ziOiAq^q = 

We have the expansions Bq = J2rn>Q Bo;m-z"^ and Aq^ = J2m>N ^o,0;m-z^- We assume < and Aq^-n ^ 0. 
We obtain the relation [-Bo;Oj ^o.O;Af] — -^^o.O;W = on I?'^")^ Note that the eigenvalues of Bq-q are of the 
form A~^e(A,M), where u G JCAiS{'P£'^) and a — 1 < p{Xq,u) < a. It implies that the difference of two distinct 
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eigenvalues of Bq q cannot be N. Therefore, we obtain Aq_o;N — 0, which contradicts with our assumption. 
Hence, we obtain iV > 0. 

By considering a twist by a meromorphic flat line bundle given by Ve = e • (i((A"i + Ao)a), we obtain that 
D-'^ = D-^ + Va on V'-^^'^S is of the form 

B/= (4(A-i+Ao)-a)+©;,,^,J, 

aGlrr(e) 

where ^^(x^)^ are logarithmic with respect to V^^°^£a- Thus, the proof of Lemma [7. 131 is finished. I 
7.2.3 Proof 

By Lemma FT-lSi the eigenvalues of Res(D'^) on 7^^'*"'''£|p(Ao) are constant. On the other hand, the eigenvalues of 

Res(I])^) = Res(ID-'^) on vl^°h\-j)i>.o) have to be of the form \-^a - a - AS for (a, a) e ICMS{r£°) by Lemma 
inn Hence, we obtain a = for any (a, a) £ JCMSiVS"), i.e., ICMSiVS") C Rx {0}. Thus, LemmalTTUlis 
proved. 

Let us show Proposition [TTl] The first claim follows from Lemma [5.411 Proposition 17.121 and the definition 
of Q£ in Subsection l6.3.3l To show the second claim, we remark that k is flat and preserves the pluri- harmonic 
metrics for (5^,D^,5) and 7*(£'^,]D)^,5). We also remark that we have only to consider the case in which D 
is smooth. We have ^(0-^, Q£^) = 1tt{6) and Irr(D^^, Q£^^) = Itt{9'<) = { o | a G Irr(6l)}. Hence, we have the 
natural identification Irr(]D)^, Q£^) = Iriij*!}^^ Q£^ Since the full Stokes filtrations are characterized by 
growth order of the norms of flat sections with respect to the pluri-harmonic metrics fProposition l6.12)) . the full 
Stokes filtrations are preserved by k. Thus, the second claim of Proposition 17.111 follows from Lemma [5.401 I 

Remark 7.14 Because JCMS{V£^) C Rx {0}, it turns out that any A 7^ is generic. I 

7.3 Reduction from wild to tame 
7.3.1 Construction of the reductions 

Let X :— A" and D := Ui=i{-^i ~ 0}- Let {£^,D^,S) be an unramifiedly good wild variation of pure polarized 
integrable twistor structures of weight on x (X — _D). We have the underlying harmonic bundle {E,dE, 0, h). 
We take an auxiliary sequence M. = (m(0), m(l), . . . , m{L)) for Irr(f?) as in Subsection 3.1.2 of [19] . 

For each a G Irr(6',m(0)), we obtain the variation of pure polarized twistor structures Gr^'-'^-' (f^, D^, 5) 
by taking Gr with respect to Stokes filtrations in the level m(0), as explained in Subsection [631 By Proposition 
[LTHand Lemma Em it is enriched to integrable Gt'^^°\£^ ,S). If a real structure k of is 
given, kq and Kqo preserve the Stokes filtration in the level m(0), which follows from Proposition 17.111 and 
Lemma [STTI Hence, we also have the induced real structure Gr^(°)(K) of Gr^(°^ (5^, ID^, 5) , and we obtain 
a pure polarized variation of twistor-TERP structures Gr^^°''(£^,D^,5, k,0) for each a G Irr(D,m(0)). 

Applying the above procedure inductively, Gr^ (f^, ID^, 5) are enriched to integrable Gr^^-'-'(£^,D^,iS) 
for any a G lrr(0, m(j)). (See the argument in Subsection 16.41 ) If a real structure k is provided, the re- 
ductions are also equipped with induced real structures, and we obtain variation of twistor-TERP structures 
Gr^(^)(f^,ID)^,5,K,0). In the case m(L), we use the symbols Gr^""(£^, D^, 5) and Gr^""(£^, D^, 5, k, 0). 
They are called the full reductions. 

For any a G Irr(6'), we have the harmonic bundles L{—a) as in Subsection 16.41 The associated variation of 
polarized pure twistor structures is also denoted by the same symbol L(—a). As explained in Subsection 12.2.1] 
it is naturally enriched to a variation of pure twistor-TERP structures of weight 0. The underlying harmonic 
bundle of Gr^""(£:^, D^, 5) L{~a) is tame for each o G Irr(6'). This proccd ure is the reduction "from wild to 
tame" in the integrable case. We have a similar reduction in the twistor-TERP case. 
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7.3.2 Approximating map and estimate of the new supersymmetric index 

Let ,S) and {E,dE,6,h) be as above. Let dpi £& denote the A-holomorphic structure of 

One step reduction By the one step reduction in Subsection l7.3.1l we have obtained the unramifiedly good 
wild variation of polarized pure integrable twistor structures: 

aGlrr(e,Tn(0)) 

Let {Eq, Oeq, do, ho) be the underlying harmonic bundle. Let i9pi denote the A-holomorphic structure of £^ . 
We fix a hermitian metric gpi of fl^i ® fij,' °(2{0, oo}). We will prove the following proposition in Subsection 

Proposition 7.15 There exists a C°°-map <i> : £^ — > £^ such that the following holds for some e > with 
respect to ho and gpi : 

$*5-5o-o(exp(-e|W)|)), a^.^^A - 5o) - o(exp(-e| W«) |)) , (56) 

$*Va- Va.o = 0(exp(-e|^"^(°)|)) (57) 

In fact, the order of the estimates can be improved as 0(exp(— e(|A| + |A^^ |)|2;"*'^°) |)) . We give a consequence. 
Let Qq denote the new supersymmetric index of ,1])^ ,So). 

Corollary 7.16 We have the following estimate for some e > with respect to ho: 

\^*h-ho\^^ =o(exp(-e|2"^(")|)), |$*S- Qo|^^ = o(exp(-e|2"»(o)|)) 

Proof It follows from Lemma [2.201 I 

Full reduction By taking the full reduction in Subsection l7.3.1i we have obtained the unramifiedly good wild 
variation of polarized pure integrable twistor structures: 

(£f,©f,5i):= Grf""(£^,D^,5) 

Let {Ei,dEi-,0i,hi) be the underlying harmonic bundle, and let Qi denote the supersymmetric index for 
{£i By applying Proposition 17.151 and Corollary 17.161 inductively (see Subsection 16.41 for an inductive 

use), we obtain a C°°-map $1 : S-^ — > £^ such that the following holds for some e > with respect to hi: 

=0(cxp(-6|^"^'^'l)), |$lQ-Q4^=0(exp(-e|^"^^'^'l)) 

Note that the new supersymmetric index is unchanged after taking the tensor product with L(— a). (See 
Subsection 12.2.1] ) Hence, the study of asymptotic behaviour of new supersymmetric index is reduced to the 
study in the tame case, up to decay with exponential orders. 

7.3.3 Construction of an approximating map 

We assume that the coordinate is as in Remark 15.281 for the good set Irr(6'). Let k be determined by m(0) G 
Z^Q X Og-k- Let Ao e C\. Let U{\o) denote a small neighbourhood of Aq. We set X''^°'i := U{\o) x X and 
25(Ao)(< ^) u{Xo) X D(< k). We also use the symbol in a similar meaning. We set W := X'(^")(< k) 

if Ao 7^ 0, and W := X>(^")(< k) U ({0} x X). Let a : Cx — > be given by (t(A) = -A, which induces the 
anti-holomorphic map CxX X — > x X^ . We set := ct(A'(-^o)). 
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From {E, Be, 0, h), we obtain the vector bundle V^'^^^S on X'-^°'^ with a meromorphic flat connection D-* := 
ID-'' + Va. Similarly we obtain P^^^^fo with 5^ = + Va,o from {Eo,dEo,Oo, ho). 

We also obtain the vector bundle Vq'^°^£^ with the meromorphic flat connection J}^ ^ =1])^ ^ + on ^Y^^") 
from (i?, Oe, 0, h), and the vector bundle Vq'^°^£o with the meromorphic flat connection Dq-^ —0]^^ + ^^,0 from 
{EQ,dEo,dQ,hd)- 

Let D<fe denote the restriction of E) to the (zi, . . . , Zfe)-direction. 
Preliminary Let 5 be a small multi-sector of X'^^^^ — W . By Proposition l5.91 we take a D<i.-flat splitting 

oGlrr(e) 

of the Stokes filtration in the level m(0), such that the restrictions to pj'*'"-' n 5 (j' = fc + 1, . . . , £) are compatible 
with ReSj(D) and the filtrations ^F^^"). If Aq ^ 0, we may assume that it is ©•''-flat by Proposition [STTOl (Note 
that the D-^'-flatness implies the compatibility with the residues and the parabolic flltrations.) By construction 
of Gr"^(°\ it induces the isomorphism (7'^-^"^£'o, IQ'o,<fc) |s ^ (P^^^^f, e<fc) Let $^ (p = 0, . . . , to) be such 
isomorphisms. Let ap (p = 0, . . . , to) be non-negative C°°-functions on S such that (i) ^ = 1, (ii) diUp and 
dxap are 0(|A|-<^ • Y{\^^ \z^\-^) for some C > 0. We set $5 := E ' ^s- We also set G := ($1)"^ o $5 and 

Lemma 7.17 We have the following estimates with respect to Hq for some e > 0; 

Gf-id = o(exp(-e|A-i^'"(°)|)) (58) 

($^)-i o (A^VaI^a)) o $^ - A2VA,o(aA) = 0(exp(-e|A-i;z"^(°)|)) (59) 

Proof Let Q be the left hand side of (|58p or It is flat with respect to Do<fe, and strictly decreases the 

Stokes filtration in the level m(0). Moreover, G^-p(>^a)f^g preserves the filtrations ^F*^"^"' and the residues ReSj(ID)) 

for j = k + 1, . . . ,£. Then, we obtain the desired estimate by using the estimate in Subsection 13.3 of TS]. (It 
is easy to show it directly.) I 

Hence, we have |G-id|,^^ = 0(exp(-e|A-i2'"(o) |)) . We set <I.^Va(9a) «'s^ ° (Va(9a)) o $5. We use the 
symbol ($5)* Va(9a) in a similar meaning. By the previous lemma, we have the following estimate for some 
e > with respect to Hq'. 

(<i>^)* Va(9a) - VA,o(aA) = 0(cxp(-6|A-i;z"^(") D) 
Lemma 7.18 The following estimate holds for some e > with respect to Hq: 

$JVA(aA) " Va.o(9a) = 0(exp(-e|A-i^"^(")| 

Proof We have the following equalities: 

$^Va(9a) - VA,o(aA) = ° *s) ° (*s)*VA(aA) O (($« )"! o $s) " Va,o(5a) 

= G-1 o (($0 )* Va(9a) - Va,o(9a)) oG + G'^o VA,o(aA) o G - Va,o(9a) 

= o (($^)*VA(aA) - Va,o(9a)) o G + G-1 • (VA,o(aA)G) (60) 



We have the following: 

dX ^ d\ 



VA.o(aA)G = ^ ^ . GP = 5] ^ • (G^- - id) = 0(cxp(-e|A-i^-(°)| 



Thus, we obtain Lemma [7. 181 
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Assume we are also given morphisms on sectors a-{S) of A'^^ — 

induced by I])^,^-fiat of the Stokes filtration in the level m(0) such that the restriction to a{S) D 

{j = k + 1, . . . ,i) are compatible with the residue ReSj(D^^) and the filtration ^F^^^"\ If Aq ^ 0, we may 
assume that the splittings are B^-flat. Let bq {q — 0, . . . , m!) be non-negative C°°-functions on (j{S) satisfying 
similar conditions for a^. We set ■= X)^? ' ^\\s)- 

Lemma 7.19 We set H .— S o ($5 (g) — Sq. Then, we have the following estimate with respect to ho 

for some e > 0; 

= o(exp(-e|A-i^"^("'|)), p^i? = o(exp(-e|A-i^'"(°)|) 

Proof We set Hp^g -.— So (^<i)^ (g) 0"*$)^'^^) — Sq. According to an estimate in Subsection 15.3.2 of [19], we have 

Hp^g = o(exp(-e|A-i;2'"(°) 

with respect to ho for some e > 0. Wc also have pi-ffp.q = 0. Then, the claim of Lemma [7.191 follows . I 

Construction We take a compact region K, of C\ such that the union of the interior parts of K, and a{IC) 
cover P-'^ . We take a covering of 



(/C X X) - ((/C X D{< k)) U ({0} X X)) 



by multi-sectors Si {i = 1, . . . , N) such that Si are sufficiently small as in Preliminary above. Then, wc have 
— [j SiLl[J a{Si). We take a partition {xSiTXa(Si) | * = Ij • ■ • i of unity on subordinated to the covering. 

We assume that djXSi and d\xSi are 0(|A|^'^ • ni^=i ki| for some C > 0. We assume similar conditions for 

djXa(Si) and df,Xa{Si)- 

For each Si C X^^°^ — W, we take isomorphisms: 

induced by D<fc-flat or B^^^-flat splittings of Stokes filtrations as above. If Ao ^ 0, we assume that D-'-flatness 
and D^' ■'^-flatness. We set 

JV JV 

i=l i=l 

It is easy to check that $ satisfies the desired estimates ([55)1 and ([57)) . by using Lemma [Y. 181 and Lemma [7. 191 
Note that a D-flat splitting of the Stokes filtration of V'^^"^£^g in the level m(0) naturally gives a D^-flat splitting 

of the Stokes filtration of V'^^o )£L, in the level m(0), where S" is the multi-sector of X'^'^^o ^\W\ which follows 
from the characterization of the Stokes filtrations by the growth order of the norms of fiat sections. Thus, we 
obtain Proposition 17. 151 I 

7.4 Reduction from tame to twistor nilpotent orbit 
7.4.1 Reduction 

Let X := A", A := {zt = 0}, D := ULi ^» and Di = flLi^*- Let (£^,©^,5) be a tame variation of 
pure polarized integrable twistor structures of weig ht on Pi X (X - D). We have the underlying harmonic 
bundle {E,dE,6,h). As explained in Subsection 16. 5i we have the limiting polarized mixed twistor structure 
(S'^™(^)i -^i^a.o) associated to {E, ds, 6, h). We also have the variation of polarized mixed twistor structures 
(-f^Q, A/"^,I])^Q,5o.o) of weight in /'-variables. Hertling and Sevenheck observed the following (see |9]). 
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Proposition 7.20 (S'^™(i?), TV, 5a,o) is naturally enriched to a polarized mixed integrable twistor structure 
(^S^^q{E),\7 , N ,Sa.o} ■ Similarly, (-f^Q, Ar'^,Il)^Q,5a.o) is naturally enriched to a variation of polarized mixed 
integrable twistor structures (-ff^Q, 7V^, U^q, iSa,o) • 

// (£^,D'^,iS) has a real structure k, they are also equipped with induced real structures. I 

7.4.2 Approximating maps 

For < i? < 1, we set X*{R) :— {{zi, . . . , Zn) \ < \zi\ < R, i ^ 1, . . . ,n] and Di :— {(^f+i, . . . , z„) | jz^l < R]. 
By the natural projection X*{R) — > Dg{R), we regard X*{R) as De{R) x |0 < \zi\ < R}. Due 

to Theorem 14.11 we have the integrable twistor nilpotent orbit TNIL(ff^g, D^g, 7V,5o,o) on X*{R) for some R. 
Thus, we obtain a tame variation of pure polarized integrable twistor structures: 

{£^,D^,So) -.^ TNIL(£^g,D^^g,Ar,5„,o)0L(a) 
(See Subsection 12.2.21 for L{a).) We have the underlying tame harmonic bundle 

(i?0, dEa,0Q, ho) = ^^{Ea,da,Oa, ha) ■ 

We would like to explain that we can approximate the original (£^,D^,5) with (£^,D^,5o). 

Let dpi ^ A denote the A-holomorphic structure of £q . We fix a hermitian metric g^i of Vt^'l © VL^i (2{0, oo}) . 
For a permutation cr of {1, . . . , £} and for C > 0, we set 

Z{a,C) {(zi,...,z„) e X*{R) \ \z^(^-l)f < \z^i^)\, z = 1,...,^- l} 

If we take a sufficiently large C > 0, we have X*{R) — [J^ Z{a, C). For any e > 0, we set Ao(e) := l^il*^- 
We will prove the following proposition in Subsection 17.4.31 

Proposition 7.21 There exists a C°° -map $ct '■ > £^ such that the following estimate holds for some 

e > with respect to Hq and gpi on x Z{a, C): 

$:5-5o = 0(Ao(e)), ^^^^^a (<i>;5 - 5o) = 0(Ao(e)), ^Va - Va,o = 0(Ao(e)) (61) 

Before going into the proof, we give a consequence. Let Qo ^md Q denote the new supersymmetric indices 
of (fif and (£^,D^). By using Lemma l2.201 we obtain the following estimates on Z(a, C) for some e > 
with respect to h^'. 

|<i>>-/io|,^, -0(Ao(e)), |$;Q-Qo|,,„ =0(Ao(e)) (62) 

Corollary 7.22 The eigenvalues of Q and Qo are the same up to 0(Ao(e)) for some e > 0. 

Proof By using (|62p . we obtain the estimate on Z{a,C). Because X*{R) = [J Z{a,C), the claim of the 
corollary follows. I 

We also give a more rough but global estimate, for which the proof is much simpler. For M > and e > 0, 
we set 

e I 
A{M,e) :=[](- log k.|)*'El^^r- 

£^ such that the following holds for some e > and 
--0{K{M,e)), $*VA-VA,o = 0(A(M,e)) (63) 



Proposition 7.23 There exists a C°°-map $ : f q — 
Af > with respect to ho and g-pi : 

$*5-5o = 0(A(A/,e)), ^a ($*5 - 5o) 



64 



Note that and Hq are mutually bounded up to log order, which follows from the weak norm estimate 
for acceptable bundles. (See Lemma [7.351 below. ) Hence, we obtain the following estimate for some M' > and 
e' > by using Lemma [2. 191 

|<i>*Q-QoL,„ =0(A(Af',e')) 

In the one dimensional case, the estimates in the two propositions are not so different. We also remark that 
$(j in Proposition 17.211 also satisfies the estimates (|63)) . 

7.4.3 Proof of Proposition [7:21] 

For the proof of Proposition I7.21[ we have only to consider the case that a is the identity. We use the symbol 
Z{C) instead of Z(id, C). Instead of considering X*{R), we will shrink X around the origin. 

Decomposition For any subset I C £, let rn(/) be determined by the condition m{I) := minjm E I \ m+l ^ 
/}, in other words, {1,...,to(/)} C / but m{I) + 1^1. Let qi : Var{Vo£°,t} — > Var[Vo£°,I) and 
rra(i) ■ — > Z'"^^) be the natural projections. Let Xq G Cx. Let K. denote a small neighbourhood of Aq in 
Cx. We set X := JC x X. We use the symbols Vi, Vj, V, etc., in similar meanings. 

We have the induced filtrations {i E I) of Qo£\Vi- For any i E I, we have the residue endomorphisms 
ReSi(D) on ^ GibiQaSi-Vi), which have the unique eigenvalues ~bi ■ A. Hence, the nilpotent part Afi is well 
defined. For i < m{I), we set Af{i) ■= J2j<i-^j- Recall that the conjugacy classes of A/'(i)|(A,p) are independent 
of (A,P) E Vj (Lemma 12.47 of [H]). By considering the weight filtration of Af{i), we obtain the filtration 
W{i) of ^ Gr5(Qo^|X)j) indexed by Z in the category of vector bundles on I?/. 

Lemma 7.24 We have a decomposition 

Qo£\x^ (64) 

aeVar{Vo£°.e) 

with the following property: 

• For any subset I C £, b E VariV^E'^ , I) and h E we put 

'Ub,h= Ua,k and 'Ub^ 'Ub,h 

Then, the following holds for any c E : 

^'Ubiv,^r\'F,^{Qo£ij,,) (65) 

b<c iel 

Moreover, the following holds for any n E Z'"'^' under the identification ^U^Vi — ^ Grti{QoS) induced by 
(Eg); 

0'f/6,h|P. = n Wn,{l){' GrbiQoSiv,)) 

h<n l<i<m{I) 

Proof Although this is essentially Corollary 4.47 of [H], we recall an outline for later use. The theorems and 
the definitions referred in this proof are given in [18]. By Theorem 12.43, the tuple {^F,Af{f) \i E i,j E l) 
is sequentially compatible in the sense of Definition 4.43. Hence, {^F,W{j) \i E £,j £ |) is compatible in 
the sense of Definition 4.39, as remarked in Lemma 4.44. By Proposition 4.41, there exists a splitting of 
{'F,W{i) \iE£,j Ee)m the sense of Definition 4.40. By applying Lemma 2.16, we can take a frame compatible 
with splittings. It is easy to take a decomposition as in the claim of Lemma l7.24| by using such a compatible 
frame. I 
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Let {Q£a,^) be the prolongmcnt of {Ea, da,Oa,ha)- Similarly, we have a decomposition 

Uo,a,k (66) 
Jeez'" 

satisfying a similar condition. By our construction of (£^,DJ^,5o), we are given the isomorphism for each 
aeVar{Vo£°,£)- 

Lemma 7.25 We may assume that Va preserves the decompositions t^o,a,fc|D(. o,''^d Ua.^Ve- 

Proof In Proposition 4.41 of jl8. , the construction of a splitting is given in a descending inductive way, and 
we can take any splitting of -Gra(Qf ) of the filtrations W{j) {j = 1, . . . ,tj in the beginning. Thus, we obtain 
Lemma [7^ I 

Let VaM denote the induced map L/o,a^fc|p, ~ UaM\Vi- 

Norm estimate We recall the norm estimate for tame harmonic bundles. We take a C°°-frame h'^ ^ of Ua,k 
in jM]). We set 

3 = 1 j=l 3 = 1^ i0g|2j + ll/ 

(We formally set ko := 0.) We obtain a C°°-hermitian metric h^'^'> = h''^^^ of Q£\x~v- Theorem 13.25 of [18] 
implies the following lemma. 

Lemma 7.26 h and /i*-^-* are mutually bounded on K. x Z{C). I 
An estimate 

Lemma 7.27 Let f be a holomorphic endomorphism of QqSq satisfying the following conditions: 

• It preserves the filtrations (i — . . . ,£). 

• For each b G , the induced endomorphism ^ Gr^(/) of ^^^^^^^^^^ Qo^alVj preserves the weight filtrations 
W{i){j = l,...,m{I)). 

• For each a G , the induced endomorphism -Gr^(/) of Qo£a\T>e *s 0. 
Then, we have \ f\ha ~ 0(Ao(e)) for some e > on K. x Z{C). 



Proof We take decompositions (jBB]) . Applying Lemma [7.261 to {Ea, da, 6a, ha) with the decomposition (f66|) . 
we take a C°°-hermitian metric /iq|^ — /iq^^ ^ of QoSalx-v and h^p := 0fto^a of Qq£o\x~v as above. We 
have the decomposition: 

/ = ^ f(a,k),(a',k'], f{a,k),{a\k') G Hom(j7o,a',fc' , C^O,a,fc) 

We have only to show 

|/(a,fe),(a',fc')L(i) =0(Ao(e)) (67) 

for any (a, k) and (a', k') on /C x Z{C). Note that the induced metrics on Hom(C/o.a'.fc' , ?7o,a,fe) |;t>_x) ^''^ 
form 
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where g(a,k),(a' M') are C°°-metrics of Honi(C/o^a/,fc', C/o,a,fc) on X. 

(I) Let us consider the case a ^ a' . We define 

/+ := {i I a,; > a-}, /_ := {i | < a-}, /q := {i | a,; = a-}. 

Let m be the number determined by {!,..., m} C /o and m + 1 ^ /q. Since the parabohc fihrations are 
preserved, we have f{a.k).{a'.k')\Vi — for any i e /+. Hence, there exists a holomorphic section /^^ j,j j,,^ of 
}iom(Uo a.',k', Uo^aM) such that 

f{a,k),{a.'.k') ^ f(a,k)^{a',k') ' H 

We have the following inequality for some e > 0: 

n k.r'"'+°' • n < n i^^i^ ^ i^^+^r- (^o) 

Let us consider the set S ~ {p < m\kp > /Cp}. If S is not empty, let p be the minimum. Note that kt < fcj 
for any t < p and fcp > fc^ by our choice. Since the weight filtrations W{j) {j = 1, . . . ,p) are preserved on 
-Gr^, we have f[ak){a'k')\Vj, ~ ^- Hence, there exist holomorphic sections f't\ak)(a'k') ^■•■■■iP) of 

Hom(f/o,a',/c', C^o,a,fc) such that 

p 

f(a,k),(a',k') ^ ' ft[{a,k),(a',k')- C^^) 

t=l 

We remark the following for any t < p: 

i-i- n (^)"V.o.i»i)"-'^ ^ i.hnc'-/n (^)"Vio.i.i)"-'^ 

j — 1 j — 1 j — ^ 

= 0(|z,r/2) (72) 

By using jMl), m, ^ and jTll), we obtain |/(a,fc),(a',fc') ^a) = ELi 0{\zt\'/^) = 0(Ao(l/2)). 

If 5 is empty, we have kj < kj for j = 1, . . . , m. Hence, we have the following: 



<i=„.«i'^nc''"i n ( -u°|j'''i )'""''(-i°8i'd)'"'-=o(i=.,..„i-o (73) 

By using jM]), dMl) CO]) and ([731), we obtain (|67)) . 

(II) Let us consider the case a ^ a'. Because Grf $k; = Grf = i/a, there exist holomorphic sections 
fi,a,{k,k') of Hom(C/o,a,fc', C^o,a,fc) such that 

e 

f{a,k),(a,k') — ^ ' .fi,a,{k,k') (74) 

'i=l 

Let us consider the set S — {p\ kp > k'p} . If S" is not empty, let p be the minimum. Note that kt < k'f for any 

t < p and kp > fc^ by our choice. Since the weight filtrations W{j) {j = I, . . . ,p) are preserved on E-Gr^ , we 

have fi^a,(k,k')\Vp = 0. Hence, there exist holomorphic sections ft i a.(k.k') = 1, ■ • ■ ,p) of Hom(f7o,a,fc', C^o,a,fc) 
such that 

p 

(75) 

t=i 
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By using 1^^ and dZS]), we obtain \ f^,aAk,k')\,,w = C'(Ao(l/2)). 

If S is empty, we have kj < k'^ for j = 1, . . . , £. Hence, we have the following: 

n(^^)'"Vlog|..|)'=^-'=^=0(l). (76) 

Hence, we obtain \fi „ fe')!, (i) = 0(1). By using (I74p . we obtain (ISTll . Thus, we obtain Lemma [7.271 I 

' 'y ' 'fig 

Local isomorphism with a nice property 

Lemma 7.28 There exists a holomorphic isomorphism $yc : Qo£o\x > Qo^\x with the following property: 

• It preserves the filtrations (i — 1, . . . ,£). 

• For each b G , the induced map ®qj(^a.)=b Qo^a\Vi — * ^ Gr^ (Qo^^|D/) preserves the weight filtrations 
WU) [j = l,...,mil)). 



• For each a e J? , the induced map QoSalVe — ^ -Gr^(Qo'^^|X'{) equal to Va- 

Proof We take decompositions (|64p and ([66l) as in Lemma [7.251 We take an isomorphism Va.k ■ t^o,a,fc — C/a,fc 
such that i'a,k\Vi — Va,k- We set X^'^a.fe- It is easy to check that $yc has the desired property. Thus, we 

obtain Lemma [7.281 I 

By the norm estimate (Lemma 17.261) . <J>k; and '^'j^ are bounded on /C x .^(C). 

Lemma 7.29 We have the following estimate for some e > with respect to ho on IC x Z{C): 

*;tVA- Va,o = 0(Ao(e)) (77) 

Proof Let F denote the left hand side of (fTT)) . It is easy to observe that F satisfies the conditions in Lemma 
Fr27l Hence, Lemma [^291 follows from Lemma [^271 I 

Let $k; and $5^ be morphisms as in Lemma [7.281 We set G o <I>J^. 

Lemma 7.30 We have the following estimates for some e > on JC x Z{C): 

|G-id|^^_ =0(Ao(e)), |Va,o(A29a)G|^^^ =0(Ao(e)) 

Proof We have only to apply Lemma [7.271 to G — id and Va,o(A^9a)G. I 
Let (7 : Cx — > C ^ given by cr(A) = —A. The induced map C\ x X — > x X'^ is also denoted by a. 

Lemma 7.31 We can take a holomorphic isomorphism ■ Q<S^o\a{X} — * Q<^^\a{X) satisfying the con- 

ditions (i) it preserves the filtrations ^F [i — \, . . . , £), (ii) the induced morphism on ^ Gr;^!'^ preserves the weight 
filtrations W{i) (j = 1, . . . ,m(I)), (Hi) the induced morphism on -Gr;^^ is equal to the given one. 

Proof It can be shown by the argument in the proof of Lemma [7.28l More directly, we have the isomorphisms 
2<<5^d|o-(Ar) — ^* (2o^o|A') and Q<5£|^^|.^^ ~ cr*(Qo^|Ar) , and a* ($k;)^ satisfies the conditions. I 

Lemma 7.32 Let and '^^^(k;) ^'^^^^fv above conditions. We set 
Then, H = 0(Ao(e)) with respect to ho for some e > on JC x Z{C). 
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Proof If 'J'ctj^c) given by cr*$J^, we have H = 0. Hence, we have only to show that the property is independent 
of the choice of 

Let ^^^.(^^-i {i ~ 1,2) be as in Lemma [7.311 Note that h and ho are mutually bounded through <i>| ^^^^ on 
a{JC) X Z{C). By using Lemma [7.321 we obtain $| ^^^^ — $2 ^i^^-^ — 0(Ao(e)) for some e > with respect to h 
and hf). Then, we obtain S o a* ($| ^^.^j — $2 cr(yc))) ~ 0(^o(e)) with respect to /iq. Thus, the proof of 
Lemma [7.321 is finished. I 

Local C°°-isomorphisms Let (p = 0, . . . , m) be as in Lemma 17.281 and let (p = 0, . . . , m) be non- 
negative C°°-functions on K. such that = 1- We set := Yl^=o '^p ' ^k- We also set G := ° 
and GP := ($^)-^ o $p . By LemmalZiSni |Gp - id l/j^ = 0(Ao(e)), and hence |G - id \ho = 0(Ao(e)) for some 
e > on /C X Z(G). 

Lemma 7.33 The following estimate holds for some e > with respect to ho on IC x Z(C): 

o VaIA^Qa) o - ^x,o{\^dx) = 0(Ao(e)) 
Proof We have the following equalities: 

^y^' o Va,o(9a) o $k - Va,o(9a) = ($;c' ° ° ° Va(9a) o ($^) o o - VA,o(aA) 

= G-1 o (($^)*VA(aA) - Va,o(9a)) o G + G-1 • Va,o(9a)G (78) 
By Lemmaim we have x{X^dx) - Va.o(A29a) 0(Ao(e)). We also have 

Va,o(A29a)G = ^ • (Gp - id) = 0(Ao(6)) 

Thus, we obtain Lemma 17.331 I 
Let (9 = 0, 1, ... , m') be as in Lemma [7. 31) and let bq be non-negative G°°-functions on a{K) such 

that E^, = 1- We set $t^^^ ' ^Hsy 

Lemma 7.34 We set H := S(<^k: ® {^\(ic))) ^'^o- Then, we have the following estimate on IC x Z{C) with 
respect to ho for some e > 0; 

i/-0(Ao(e)), a^Apii7 = 0(Ao(e)) 
Proof It follows from Lemma [7.321 I 

Construction of an approximating map We take < i?i < i?2 < 1. We set JCi := {A | |A| < R2} and 

/C2 := {a I i?i < |A| < Ri^}- We take a partition of unity {xiCi,XiC2 7Xa-(Ki)) on which subordinates to 
{/Ci,/C2, o'(/Ci)}. 

We take a holomorphic isomorphism <I>^j : Qo^^oiACixx — * Qa^iiCixx a-s in Lemma [7.281 Similarly, we take 
a holomorphic isomorphism *^'^()Ci) ■ ^<^^o\a{K)xXi — * ^<^^\a{K)xx^ Lemma [7.311 

We can take a flat isomorphism ^1^2 ■ i^Oi^o) \!C2x{x-D) — * i^'^0\iC2x(x-D)' assume that $^^2 

is extended to the isomorphisms Qo£o\K2xx — Qq£\ic2xx and Q<(5'^^d|K;2xXt — Q<s^\K2xXi equipped with the 
property in Lemmas 17.281 and 17.311 We set 

^ XKi ■ */Ci + XK2 ■ */C2 + Xa(/Ci) • ^l{Ki)- 

By using Lemmas 17.331 and 17.341 we can check that $ satisfies the estimates in ([FT]) . Thus, the proof of 
Proposition [7?2T] is finished. I 
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7.4.4 Proof of Proposition [77231 
Decomposition We have a decomposition 



Qo£x= (79) 

aeVar{Va£°,t, 



with the following property: 



For any subset I C I and b e Var{Vo£'^ , I), we put ^Ub — ®a€qY\b) ^a- Then, the following holds for 
any c e R^ : 

^'Ut,\v, = f]'F,,{Qo£iv,) (80) 



b<c iel 



Weak norm estimate We take a C°°-frame /i^ of Ua in ([79]). We set h'a^ ft,^ • O^^i Njl"^""- We obtain 
a C°°-hermitian metric /i*^^^ = ft-i^'' of Q£\x-v- Proposition 8.70 of [18] implies the following lemma. 

Lemma 7.35 h and h^'^^ are mutually bounded up to log order, namely, 



. . - log |Z,|) <h< . C • - log |Z, 

1=1 i=l 



/loZds /or some C > and iV > 0. I 
An estimate 

Lemma 7.36 Let j he a holomorphic endomorphism of QqSq satisfying the following conditions: 

• It preserves the filtrations (i — I, . . . ,£). 

• For each a G , the induced endomorphism -Gr^(/) of Q£a\Ve ^■s 0. 
Then, we have \ f\ho = 0(A(M, e)) for some M > and e > 0. 

Proof We take a decomposition of QqSq like ((79|) . Applying the weak norm estimate to {Ea,da, Oa, ha) with 

('21 f2) ('2') 

the decomposition we take a C°°-hermitian metric of Q5a|A'--Dj ^Lud /iq = of Qfo|Ar-X)- We 
have the decomposition: 

/ = X! ^ Hom(C/o^a', C^O,a) 

We have only to show | /a, a' 1,^(2) = 0(A(Af, e)) for any a and a'. Assume a ^ a! . We define 

/+ := {i I Oi > a-}, /_ := {i I < a-}, /q := {i | a,-} . 

Since the parabolic filtrations are preserved, we have fa,,a' XDi = for any i S /+. Hence, there exists a 
holomorphic section ^, such that = f'a a' ' Yliei have the inequality as in (|7D|) . Then, we obtain 

the desired estimate for in the case a ^ a' . 

If a = a', fa,a\Vi = 0. Hence, there are holomorphic sections ft^a of Hom(Qo^-a, Qo^a) such that = 

' ft-.a- Because \ ft.a\ho — ~ log |zi|)^^ , we obtain the desired estimate. I 
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Local isomorphism with a nice property We can show the foUowmg lemma by the argument in the proof 
of Lemma 17.281 



Lemma 7.37 There exists a holomorphic isomorphism • Q£o\x — * Q£\x such that (i) it preserves the 
filtrations *F (i = 1, . . . ,£), (ii) for each a G , the induced map Q£a\Vt — > -Gr^ (Q£|x)J is equal to Va- 

Similarly, we can take a holomorphic isomorphism ^^(K) " 2<^^o|(t(A') * ^<S^\<j(X) satisfying the condi- 
tions (i) it preserves the filtrations (i = 1, . . . (Hi) the induced morphism on -Grf^^ is equal to the given 
one. I 

By the weak norm estimate, £^nd <I>j^^ are bounded up to log order. We can show the following lemma 
by using Lemma 17.361 

Lemma 7.38 We have <I>J^Va — Va.o = 0(A(M, e)) for some e > and M > with respect to ho. I 
Let and $5^ be morphisms as in 

LemmalLSZl We set G o 
Lemma 7.39 We have the following estimates for some e > and M > 0; 

|G-id|^^_ =0(A(M,e)), |Va,o(A'9a)G|^^ =0(A(Af,e)) 

Proof It follows from Lemma [7.361 I 

Lemma 7.40 Let and '^^^(k;) satisfy the above conditions. We set 

H:=So- ® '^*^Uk)) ■ Qo£o\x ® ^* {Q<s4\aiX)) — ^ 

Then, H — 0(A(Af, e)) with respect to ho for some e > and M > 0. 

Proof It can be shown by the argument in the proof of Lemma 17.321 I 

Local C°°-isomorphisms Let (p = 0, . . . , to) be as in Lemma I7.37[ and let (p = 0, . . . , to) be non- 
negative C°°-functions on K. such that J2^p = ^- We set ^jc '■= J2™=o ' ^k- We also set G :— (<&^)~^ o <J)jc 
and GP := («>^)-i o $p . By LemmalLMl \Gp - id \ho = 0(Ao(e)), and hence \G - id \ho = 0(An(e)) for some 
e > and A/ > 0. 

We can show the following estimate by using an argument in the proof of Lemma 17.331 with Lemma l7.38l 

o VaIA^^a) o <f,c - Va,o(A29a) = 0(A(A/, e)) (81) 

Let ^CT^yc) (9 — 0' ■ • ■ ! "^') ^ Lemma [7.311 and let bq be non-negative C°°-functions on a{IC) such that 
= 1- We set ^l(jc) -^^h'^ils)- We set 77 := 5($k;®o-*($)^^^^)) -5o. Then, we can show the following 
estimate with respect to ho for some e > and M > 0, by using Lemma [7.401 

H = 0{A{M,e)), dg^ p.H ^0{A{M,e)) (82) 

Construction We take < i?i < i?2 < 1- We set /Ci := {A | |A| < R2} and JC2 {A | i?i < |A| < i?r^}- We 
take a partition of unity (xaCu Xk;2: Xcr(K;i)) on which subordinates to {/Ci, /C2, ct(/Ci)}. 

We take a holomorphic isomorphism ^/Ci ■ Q£a\Kxx — ^ Q£\kxx as in Lemma [7.371 Similarly, we take a 
holomorphic isomorphism ■ 2<'5^o|o-(K;)xXt — * Q<^^\a(K:)xx^ Lemma [7.371 

We can take a flat isomorphism ^/C2 '■ {£0,^0) \ic2x{x-d) — ^ '^'^) \k:2x(x-d)- 

* := XIC, ■ + XIC2 ■ + Xa(K^) ■ ^l(K^)■ 

By using ([5T|) and we can check that $ satisfies the estimates in Thus, the proof of Proposition l7.23l 
is finished. I 
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8 An application to HS-orbit 



8.1 Preliminary 

8.1.1 Compatibility of real structure and Stokes structure 

Let X be a complex manifold. We set A" Ca x X and X° := {0} x X. Let V) be a TER-structure 

on X. We say that H is unramifiedly pseudo-good if the following holds: 

• We are given a good set of irregular values Irr(V) C M{X,X'^)/H{X) in the level —1. Namely, (i) any 
elements o of Irr(V) are of the form a — A~^a' for some holomorphic functions a' on X, (ii) a' — b' are 
nowhere vanishing for distinct A~^a', A^^b' € Irr(V). 

• H has the formal decomposition 

(i7,V)|^o= (i?a,V„), 
nelrr(V) 

such that Vo — da is regular. Note that they are not assumed to be logarithmic. 

(See also Subsection 15.1.31 ) If X is a point, it means that H requires no ramification in the sense of [5]. 

By a classical theory (see also Subsection l5.1.3l) . we have the Stokes filtration J^^ indexed by (irr(V), <s) 
for each small sector S oi X — X'^. We say that the real structure and the Stokes structure are compatible, if 
the Stokes filtrations on any small sectors S come from a flat filtration of H'j^^^. (See |14|.') 

By taking Gr of {H,W) with respect to the Stokes filtrations, we obtain a TE-structure Gro(i?, V) for a G 
Irr(V). As observed in 0, if the real structure and the Stokes structure are compatible, Gro(_ff, V) is enriched to 
a TER-structure denoted by Gr„(ff, -ff^, V). If {H, H'j^, V) is enriched to a TERP-structure {H, iJ^, V, P, ?z;), 
Gra{H, H'jj^, V) is also naturally enriched to a TERP-structure denoted by Gra{H, H'j^, V, P, w). 

Another formulation In ^8,, a compatibility of real structure and Stokes structure is formulated in a slightly 
different way. Let us check that it is equivalent to the above. For simplicity, we consider the case in which X 
is a point. 

Let iJ be a vector bundle on C\ with a meromorphic fiat connection V : H — > H (E) il^^(*0) such that 
H requires no ramification with the good set of irregular values Irr(V) C X^^ ■ C. Take Oq E R such that 
Re(a — b){r ■ e^^^^") ^ for any distinct a, b G Irr(V). Take a sufficiently small e > 0, and let us consider the 
sector 

S :={r- | 6*0 - e < 6i < 6io + tt + e} 

Let S denote the closure of S in the real blow up Ca(0) — > C\ along 0. Let Z := SC\ 7r^^(0). As a version of 
Hukuhara-Turrittin theorem, it is well known that we have a unique fiat decomposition 

iH,^\s= (^a,5,V„,5) (83) 
aelrr(V) 

such that the restriction of ([55)1 to Z is the same as the pull back of the irregular decomposition of H^^. 

Assume that the flat bundle {H, V)|c* is equipped with a real structure, i.e., a C-anti-linear flat involution 
K : H — > H . In other words, (iJ, V, k) is a TER-structure. In Section 8 of [8], the real structure and the Stokes 
structure are defined to be compatible, if K{Ha,s) = H^^s for any a G Irr(V) and any S as above. 

If a small sector S is contained in 5, the restriction of ((83)) to S gives a splitting of . Hence, if H^^s are 
preserved by k for any a, the filtration J-^ is also preserved by k. Let Si and be small sectors containing 
the rays {r ■ e^^^° | r > 0} and {— r • e^^^° \ r > 0}, respectively. Then, a <Si b if and only if a >S2 b. By the 
parallel transform on S, the flat bundle H^^ is trivialized, and we can observe that Ha,s = ^a^^^a^- Hence, if 
•^cf' (« = 1, 2) are preserved by k, -ffo,cS is also preserved by n. The equivalence of two notions of compatibilities 
follows from these considerations. 
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8.1.2 Two Stokes filtrations of integrable twistor structures 

Let (y, D^) be a variation of integrable twistor structures over x X. It is obtained as the gluing of TE- 
structure {Vq, D^) onX ■.= CxxX and ri;-structure {Voc,^U) on := x X^. We set := {0} x X C A" 
and A-to {0} x Xt c x 

Definition 8.1 We say that (y,D^) is unramifiedly pseudo-good, if both (Vo,Dq) and {Voo,^U) is unramifiedly 
pseudo-good. In that case, feflrr(DQ) and Irr(Dj/) denote the sets of irregular values o/Bq andI$U , respectively. 
If X is a point, it is also said that (V,D^) requires no ramification. I 

Definition 8.2 Assume (V,D^) is unramifiedly pseudo-good. 

• We say that the sets of the irregular values of (V,©^) are compatible, i/Irr(DQ) and Irr(D4)) bijectively 
correspond by a < > 7* a. 

• We say that (y, D^) has compatible Stokes structures, if the following holds: 

— The sets of irregular values of (V,©^) are compatible. 

— For a small sector S of X — X'^ , we have the Stokes filtration of (Vo,]D'q). We also have the 
Stokes filtration J- '^^^^ of {Voci,^{^), where we regard ^{S) as a small sector of X^ — X^ ^ . Then, J^"'' 
and jF'i'^'^) are the same under the parallel transform along any rays connecting S and ^{S). I 

Remark 8.3 In the above definition, a ray means a line {(t • e^'^^'^, P) | < i < 00} in C\ x {P} C C\ x X . 
We say that it connects S and j{S), if (i) {t ■ e^^^'^ , P) is contained in S for any sufficiently small t, (ii) 
(t ■ e^^^"^ , P) is contained in 7(5) for any sufficiently large t. I 

Lemma 8.4 // (y,ID)^) is equipped with either a real structure k or a perfect pairing S of weight w, then the 
irregular values of Dq and are compatible. 

Proof We have Irr(7*D4,) = {7^ | a G Irr(©;^)}. If {V,B'^) is equipped with a real structure, j*{Voo,DQ ^ 
(VojUq). Hence, the irregular values of Dq and D^, are compatible. 

We have Irr(o-*]D)^) = {a*a | a € Irr(D^)}. Note that a € Irr(D4,) are of the form /i~^a', where a' are 
holomorphic functions on X^ . Hence, cr*a — —7*0. If (F, D^) is equipped with a perfect pairing, (Vo,ID'o) is 
isomorphic to the dual of a* {Voo,^lo)- Therefore, the irregular values of Dq and ©4; ^-^^ compatible. I 

If (V", D^) is unramifiedly pseudo-good, we obtain T£'-structure Grt,(Vb,DQ) on A" for a e Irr(DQ), and TE- 
structure Gib{V^,^L) on X^f for b G Itt{B{^), by taking Gr with respect to the Stokes filtrations. If (y,D^) 
has compatible Stokes structures, we have the natural isomorphism 

Gr,(K,,DiJ)|A--A'" ^ Gr^(yoo,D4)|^,_^to- 

Hence, we obtain a variation of integrable twistor structures Gra(y,D^) for each a G Irr(DQ) as the gluing of 
them. We have the following functoriality (Lemma 15. 17p . 

Lemma 8.5 Let {V^°'\W°'^^) be unramifiedly pseudo-good. Assume (i) (T/('^),D('^)^) (a 1,2) have compatible 
Stokes filtrations, (ii) the union J Ivrip'i)^^^) U Itt{b''o^-^) is good. Then, a morphism (T/(i),D(i)^) — > 
(F(2),D(2)A) jndiices Gr„ (1/(1), D(i)^) ^ Gr„(y(2)^ o(2)A) for each a el. I 

We have the natural isomorphisms 

7*Gr„(F,D^) ~ Gr„(7*(y,D^)), a* Gr„(l/,D^) ~ Gr_„(a*(F,D^)). 
The following lemma follows from functoriality. 
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Lemma 8.6 Assume (V,©^) has compatible Stokes structures. If (V,D'^) is equipped with a real structure, 
(resp. a perfect pairing of weight w), each Grp(y, D^) is also equipped with an induced real structure (resp. an 
induced perfect pairing of weight w). I 

Lemma 8.7 Let iJ^, V, P', — w) he a variation of TERP- structures, and let (V, D^, 5, k, — w) he the cor- 
responding variation of twistor-TERP structures. (See Subsection \2.1.^\ for the correspondence.) Assume that 
(i?, i/^, V, P', — w) is unramifiedly pseudo-good, or equivalently, {V,^i^ ,S,k,—vu) is unramifiedly pseudo-good. 

• The real structure and the Stokes structures of{H,'V) are compatihle, if and only i/(y,D^) has compatihle 
Stokes structures. 

• If the real structures and the Stokes structures are compatihle, Gr(,(V, U'^, 5, k, — w) is the variation of 
twistor-TERP structures corresponding to Gr|i(_ff, V, P', — w). 

Proof Note that the Stokes filtrations of 7*(7J, V) on 7* (5*) is given by the composite of the conjugate with 
respect to iJ^ and the parallel transport along the rays connecting S and 7(5), with the change of the index 
sets from Irr(V) to {7*0 | a G Irr(V)}. Then, the first claim follows. 

Let us consider the second claim. We have only to consider the case w = 0. We may assume that 
(if, if^, V, P') is obtained from (V,W,S,k) by the procedure explained in Subsection 12.1.81 By construc- 
tion, we have Grp(_ff, V) = GrQ(Vo; Vq). For comparison of induced real structures and pairings, we have only 
to consider the case in which X is a point. 

Let us compare the induced real structures. The flat real structure of H' is obtained as the composite: 

-77 parallel transform -r-r 

Hix > H^j-i > H^x 

Hence, we have the following factorization of the real structure on Gra{II)^x obtained as Gr of the Stokes 
filtration: 

-pz TTTT parallel transform -pz 7T7T Grait^)\x / tt\ 

Gr„(ff)|^ > Gra(ff)|^-i > GYa{H)\x 

It is the same as the real structure induced by Grn(K) on Grn(y, V). 

Let P : H (E) j*H — > be the pairing induced by k and S as in whose restriction to H' is P'. Let 
5 be a small sector in C^. We have the following factorization of P\s'. 

The restriction to T^{II) ® j* J-l^^\lI) is unless a— b >5 0. The induced pairing Pq for Gra(Vb) is factorized 
as follows: 

Gr,(yo)|s®rGr,(T/o)|,(5) Gr„(Fo)|s ® 't* Gr^(Kx>)|,(5) Os 

Hence, it is the same as the pairing induced by Gr|j(V, V, S, k). Thus, the proof of Lemma [8.71 is finished. I 
8.1.3 Preliminary for pull back 

We set X :== C^, D = {O}, A" := Ca x X, I? := Ca x Z) and := X>U ({0} x X). Let tt : X{W) — > X he & 
real blow up of X along W . Let vri : Ca(0) — > Cx be the real blow up of Cx along {0}. Let 0o : X — > Cx 
be given by 0o(A, z) — X - z. It induces the map : X{W) — > Ca(0). 

Let H he a. vector bundle on Cx with a meromorphic flat connection V : H — * H ® fJ^^ (*0) such that 
(H, V) requires no ramification with the good set of irregular values X C C- . Let 5J denote the fiat bundle on 
C'a(O) associated to II\ci- For each Q e 7r]^^(0), we have the Stokes filtration T'^ of 5J|q for the meromorphic 
prolongment H . (See Subsection 15. 1.5p We can naturally regard as the fiat bundle on A'(iy) associated to 

Lemma 8.8 The following holds: 
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• (/)g(i?, V) is unramifiedly pseudo-good in the level m = (—1,-1). (See Subsection 15.1.31 ) The set of 
irregular values is given by := {^q'^ | a G X}. 

• For each P e 7r^^(VF), the Stokes filtration of (I)q{^)^p for 4)qH is the pull hack of the Stokes filtration 

■' m>(P) 

• We have the natural isomorphism (f>^ Gra{H) ~ Gr^*a{4>o-^) ■ 

Proof We have the decomposition (i?, V)|g = ©061(^0'^")' "^ti^re Va — da are regular. It induces the 
decomposition of (I)q{H,\7)^^. Hence, the first claim is clear. 

We set Q := (j>o{P). Note that the orders <q and <p are the same under the identification T ~ 05^^. Let 
Hi D H he an unramifiedly good lattice. Then, unramifiedly good lattice. We take a small sector 

Sq £ AiS{Q,C*x,T) such that there exists the Stokes filtration J^'^'? of H^g^. We take a small multi-sector 

Sp e MS{P, X -W, 4>ll) such that 00 ("Sp) C Sq. Then, we obtain the fihration 'cf'lT^'^ of indexed 

by (05^, <p)- It gives the Stokes filtration of </'o (^1 ) > which follows from the characterization in Proposition 

15.51 Since the filtration of 0q(2J)|p induced by (j)o^^^ is tbe same as the pull back of !F'^ on 2J|q, we obtain 
the second claim. Note that we also obtain that the Stokes filtration of 4>o i^) | is given by the pull back of 
the Stokes filtration of H.-n ■ 

\Sq 

Let Sp be a small multi-sector as above. By the above compatibility of the Stokes filtrations and Lemma 
15.211 we obtain the natural isomorphisms 

05(Gr„(i?))|^^ ^ Gr^',MlH\-S,- (84) 

By varying Sp and gluing them, we obtain (/ij (Gra(i?)) — Gr0»a(0o-^)|w(w)' where is a neighbourhood of 
W, a,-n.AU{W) denote the real blow up olU along W. By using the flatness, it is extended to cj)'^ (Gva{H)) ^-^-^^ ~ 
Gr0*a('/'o-ff)|i?(vy)- Hence, we obtain an isomorphism on 



8.1.4 Rescaling and HS-orbit 

We recall a rescaling construction in [T and 0. See also [22]. We set X :— Cz^ D — {O} and X* := X — D. 
For i? > 0, we set X{R) ■= [z £ X\ \z\ < R] and X*{R) X{R) f] X* . We set A" := Ca x X. We use the 
symbols X* , V, X{R) and X*{R) in similar meanings. Let 0o : X — > C\ be given by (j)o{X,z) = X - z. The 
restriction to X* is denoted by i/jq. 



TERP-structure We consider only TERP-structures of weight 0. Hence, we omit to specify weights. 
Let {H, H'jf^jW , P) be a TERP-structure. Hertling and Sevenheck studied the variation of TERP-structures 
^/'o(i?, i?^, V, P) on X*. If there exists an i? > such that iPq{H, H'j^,V , P)\x*(r) is pure and polarized, the 
variation is called an HS-orbit (Hertling-Sevenheck orbit), and we say in this paper that {H, i/^, V, P) induces 
an HS-orbit. 

Remark 8.9 An HS-orbit is called a "nilpotent orbit" in [8 . We use "HS-orbit" for distinction from twistor 
nilpotent orbit. It matches their terminology " Sabbah- orbit" . I 

Lemma 8.10 We assume (i) (i?, V) requires no ramification, (ii) the Stokes structure and the real structure 
of {H, H'jj^, V) are compatible. Then, the following holds: 

• ipQ {H, V) is unramifiedly pseudo-good. The set of irregular values is given by {ipQ<^ \ Q G Irr(V)} . 

• The real structure and the Stokes structure of tpQ^H^V) are compatible. 

• We have the natural isomorphism ipQ Grp i?^, V, P) ~ Gr^jo ^pQ {H, H'j^, V, P) . 

Proof The first two claims follow from Lemma [8.81 To show the third claim, we have only to compare the 
induced flat pairings. It can be done directly, or by considering the restriction to Cx x {1}. I 



75 



Integrable twistor structure We set A't := Cf, x X\ := x D\ X*'' := - and W^t ;= 
U ({0} X X^^ . Let 4>oo ■ — > Cfi be given by (/)oo(Mi -z) = M • 2- The restriction to X* ^ is denoted by tpoo- 
Let {V, V) be an integrable twistor structure on which requires no ramification. It is obtained as the 
gluing of (Vq, Vq) and (14o, Voo)- The gluing is denoted by g : Vq\ci — Voc\c^^^ which is flat with respect to V. 

We set HS(V^)o := "00(^0) and HS(y)oo := V'^(V^oo)- They are naturally equipped with Ti?-structure 
HS(V)o and f £'-structure HS(V)oo- Note that HS(F, V)o and HS(F,V)oo are unramifiedly pseudo good. Let 
us construct a flat isomorphism <i> between HS(F, V)o|cjxx* and HS(F, V)oo|c'xXt*- The fibers HS(F)o|(a.z) 
and HS(y)oo|(/i,z) are naturally identified with Vq\\.z and Voo\^i.z, respectively. If A = /i^^, we have (A • z)^^ = 
H -z ■ \z\~'^. Hence, we have an isomorphism <I'(a,z) '■ ^^(1^)o|(a.z) — H(y)oo\{\-^,z) induced by the gluing g with 
the parallel transform along the segments connecting A""'^ • z and A^^ • z - Izj^^. Thus, we obtain the isomorphism 
$ as desired. 

Let IIS(V, V) denote the variation of integrable twistor structures obtained as the gluing of HS(y, V)o and 
HS(y, V)oo- The following lemma is clear from the construction and the functoriality (Lemma 15. 17p . 

Lemma 8.11 

• Let F : {V'-^\\7'-^^) > (F^^^V^^)) be a morphism of integrable pure twistor structures. Then, we have 

the induced morphisms HS(F) : HS(T/(i), V^i^) — > HS(T^(2)^ y(2))^ 

• Let f be ^ or a. Then, HSo/*(y, V) is naturally isomorphic to f* HS(y, V). I 

By the above lemma, a real structure k of (V, V) induces a real structure IIS(k) of HS(y, V). Since we have 
the natural isomorphism IIS(T(0)) ~ T(0)x*, a paring S of (V, V) with weight induces a pairing IIS(5) of 
HS(y, V) with weight 0. Hence, an integrable twistor structure with a pairing (V, V,5) induces HS(y, V,5) 
on X X* , and if {V,S/,S) is equipped with a real structure, HS(y, V,5) is also equipped with a naturally 
induced real structure. 

Lemma 8.12 Assume that (V, V) has compatible Stokes structures. Then, HS(y, V) also has compatible Stokes 
structures, and we have the natural isomorphism 

HS Gr„(y, V) ~ Gr^.„ HS(F, V) (85) 

If V) is equipped with a pairing of weight (resp. a real structure) , (|85p preserves the induced pairings (resp. 
real structures). 

Proof It follows from Lemma ISTSl I 

Lemma 8.13 Let (ff, V, P') be a TERP-structure, and let (V, V,5, k) be the corresponding twistor-TERP 
structure. Then, HS(y,V,5, k) is the variation of twistor-TERP structure corresponding to iPq{H,H'j^,\I ,P'). 

Proof By construction, we have the natural isomorphism HS(y, V)o — (-ff, V). We have only to compare the 
induced real structures and pairings on them. Since they are flat, we have only to compare them on the fiber 
over z — 1. Then, the claim is clear. I 

If there exists an i? > such that HS(y, V, xx*(i?) is pure and polarized, it is called a twistor HS-orbit, 
and we say that (V, V, S) induces a twistor HS-orbit. 

8.2 Reduction of wild HS-orbit 
8.2.1 Statement 

We use the notation in Subsection l8.1.4l Let (V, V) be an integrable twistor structure with a perfect pairing S 
of weight 0, which requires no ramification. Assume that (F, V,5) induces a twistor HS-orbit on x X*{R) 
for some i? > 0. We obtain the underlying unramifiedly good wild harmonic bundle {E,dE,0,h) on X*{R) of 
HS(y, V, S)\pixx*{R), which is unramifiedly good. Let T denote the set of irregular values of (V, V) at 0. It is 
easy to see 

Irr(e') = {a(z) | a(A) e X} ~ X. 



76 



We will not distinguish them in the following. 

Let {8'^ ,Se) denote the variation of polarized pure twistor structure associated to {E,dE,d,h). It is 
enriched to integrable one {S^ ,1^^ ,Se)- Although it is naturally isomorphic to HS(V, V,5), it is non-trivial 
that the natural meromorphic extensions QEq and 0o(^o) ® Ovi^'D) are isomorphic. Hence, we use the symbol 
(f ^jD^jiSb) for distinction. By applying the construction in Subsection 17.3.11 to (£^,]D)^,5£;), we obtain a 
wild variation of pure polarized integrable twistor structures Gra(£'^,D^,5£;) for each a G I. We will prove 
the following theorem in Subsection 18.2.21 

Theorem 8.14 

• (V, V) has compatible Stokes structures. 

• HS Gra(y, V, 5) is naturally isomorphic to Gra{£^ ,Se) for each a G I. In particular, Gru(V, V,iS) 
induces a twistor HS-orhit. 

Before going into the proof, we give a consequence. 

Corollary 8.15 Let (iJ, iJ^, V, P, 0) he a TERP structure which requires no ramification. If {H, H'jf^,V , P,0) 
induces an HS-orhit, it is a mixed-TERP structure in the sense of Definition 9.1 of [8 . 

Proof Thanks to Theorem 9.3 of [8 , {H, H'j^,V , P,0) is a mixed-TERP structure, if and only if (i) the real 
structure and the Stokes structure of (iJ, iJ^, V) are compatible, (ii) Gr a{II, H'j^,W , P,0) induces an HS-orbit 
for each a G Irr(V). Hence, this corollary follows from Theorem 18. 14[ Lemma ISTfl and Lemma [8. 131 I 

The claim of the corollary was established by Hertling and Sevenheck [8] in the case that (H, V) has regular 
singularity. They also showed the converse of the claim in general. 

Remark 8.16 In their study of the case that (iJ, V) has regular singularity, Hertling and Sevenheck closely 
investigated the limiting ohject. In particular, they showed that the limiting TERP- structure is generated hy 
elementary sections, for which the eigenvalues of the new super symmetric index can he described in terms of the 
Hodge filtrations of the corresponding mixed Hodge structure. 

Even in the irregular case, the limiting object can be obtained from the reduced regular one. Hence, the limit 
of the eigenvalues of the new supersymmetric index of 4>q{H, H'jf^,\7 , P) can be described in terms of their mixed 
Hodge structures. I 

8.2.2 Proof of Theorem \8A4\ 

We have the natural identifications HS(F, V)o ^ {£,^^) and HS(y, V)oo ^ {£K&^). We have the following 
locally free O x {*I^)-modvdes 

ES{V)o ■.= ^*o{Vo)<E)Ox{*V). 
We also have the following locally free 0_yt (*I'^^)-modules 

HS(F)oo (^UVoo) ® Oxfi^V^). 

Comparison of Q£ and HS(V^)o We would like to show that Q£ and HS(y)o are naturally isomorphic. We 
set W ■.= VU ({0} X X). Let TT : X{W) — > X he the real blow up of X along W. Let 5J be the flat bundle on 
X{W) associated to {£,W)ix-w We set := {(^^a | a G J}. 

As remarked in Lemma (pgH is a pseudo-good lattice of HS(F)o <E) Ox(*W) in the level m ~ (—1. —1). 

Lemma 8.17 Qo£ is a good lattice of Q£ ^ Ox{*W) in the level m = (—1, —1) around (A, z) ~ (0, 0). 

Proof We have the decomposition (Qo^, ~ ®aei(2o^a, ID'a) such that Dg — dxa is logarithmic. We have 
the corresponding decomposition D-'' = d{ . Let us show that 

(d{ ~ d(a(z)/A)) Q£^ c • Q£„ (g, r!^°(logiy) 
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Since Bu — dxa is logarithmic, it is satisfied for the derivatives along the X-direction. Since we have already 
known that the restriction of QqE to C*x x X is unramifiedly good by Lemma [7. 131 it is also satisfied for the 
derivatives along the A-direction. I 



Let P E TT ^(0, 0). We have the Stokes filtration of 5J|p corresponding to the meromorphic prolongment 
Q£ (8) Ox{*W), and the Stokes filtration JFj^ of 5J|p corresponding to the meromorphic prolongment HS(y)o 8) 
Ox{*W). (See Subsection 15 . 1 . 51 for such filtrations in the pseudo-good case.) 

Lemma 8.18 J^f = T^' . 

Proof Let Sp E A4S{P, X — W, 0q^) be a small sector such that there exist the Stokes filtrations J^f ^ of 
Q£\Sp E^^^d 7^2^ of 4'oiH)fSp- We can take Q E S'p n 7r^^(iy \ I?) such that the orders <q and <p on X are the 
same. We have the filtrations J-^ {i — 1, 2) of 23|q corresponding to the meromorphic prolongments Q£{*W) 
and HS(F)o(*VF). Because HS(F, V)o ,6-^), we have = . 

Let us show that Tf is obtained as the parallel transport of T'^ ^ which implies ~ ^2 ■ We take 
Sq E MS{Q, X-W, (pll) such that there exist the Stokes filtrations T^'^ of Q£\Sq and T^'' of (j)l{H)^-g^. By 
using the characterization in Proposition 15.201 we obtain (■?^f^)|s^ Hence, we can conclude that !F[ 

are obtained as the parallel transport of !Ff. I 

Lemma 8.19 The isomorphism £ ~ HS(t^)o on X — T) is extended to the isomorphism Q£ ~ HS(y)o on X . 

Proof Let P E 7r^^(0,0). We take a small multi-sector Sp E AiS{P,X — W,X) such that we have the Stokes 
filtrations T^'' for Qo^|5p and (/)g (iJ ) | . By Lemma [8.181 the restrictions of them to Sp are the same. We 
take a flat splitting £\Sp — ®aei^o>S' which is extended to the decompositions: 

Let C{~a) be a line bundle Ox(*W) ■ e with Ve = e • [—d{X~^a)) . We remark that Grp((/)Q-ff) ® 'C(— a) and 
Gra{Q£) (8 a) have regular singularity along W. Hence, the isomorphism on A" — is naturally extended 
to the isomorphism Gra{4'oH) 8) a) ~ Gr(,(Q£) (g) £(— a). Since the restrictions of Gra{(f>QH) (g) 0{*T>) and 
Gra{Q£) to X — V are naturally isomorphic, we obtain the isomorphism Gj:a{4>QH) (g 0{*'D) ~ GTa{Q£). 

Let Wa and Va be frames of Gra(0Qi/)®O(*I?) and Gra(Q£'), respectively. We have the relation Wa = Va-Aa, 
where Aa are meromorphic along V. We take lifts Wa,s and Va^s to £a_5 by using the above splittings for any 
small sectors in X—W. We have the relation lOn.S = Va,s ■ Aa- Then, the isomorphism £ ~ HS(y)o is extended 
to Q£\u — iiS{V)o\u on some small neighbourhood U of (0,0), which follows from Proposition 15.191 (We may 
apply Lemma l5.151 But, since 05 Vq may not be a good lattice, we replace Vq with an unramifiedly good lattice, 
or we use a variant of Lemma [5. 151 for a pseudo-good lattice.) Then, it is easy to observe that the isomorphism 
is extended to Q£ ~ HS(y)o by using Hartogs theorem. (Sabbah also independently obtained an argument to 
extend such isomorphisms in this kind of situation.) I 

Similarly, £^ ~ HS(V^)oo on X^ — T)^ is extended to the isomorphism Q£^ ~ HS(V^)oo on X^ . 

Proof ofjhe first claim Let X^ denote the real blow up of x X along (P^ x Z?) U ({0} x X) U ({00} x X). 
Let Tft : A^t(vi/t) — , ;ft denote the real blow up of x along =V^ \J ({0} x X^). We have 

X^ = X{W)^X\W^). 

Let denote the fiat bundle on X^ associated to the fiat bundle (f ,ID-^)|c'x(x-_d)- 
We have the C°°-map X -W — > (H> x S^f given by 

(A,z)^((|A|,A/|A|), {\zlzl\z\)) 
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It induces the natural identification X{W) ~ (-R>o x S^)'^. We set 

Po= ((0,exp(V^^)),(l,l)) e7r-\{0,l)) CX{W). 
Similarly, we identify A:'^^(T/F^) with {R>o x S*^)^ via the map induced by 

(/x,z)^((|/xU/H), (kU/kl))- 

We set Qo := ((O, exp(-y=^(p)) , (1, 1)) G (7rt)-i ((0, 1)) C X^W^). Note that we can identify (F,V) with 
HS(y, V)|pix{i}- Hence, we have only to compare the Stokes filtrations J^^''(QJ|^^) and JF'^"(2J|^^) under the 
parallel transport along the ray ^(s, exp(-\/— , (1, 1)^ (s G i?> o U {+oo}) connecting Pq and Qo- (Note that 
the signature of the arguments are reversed by the coordinate change A^^ = 

Let us consider the map G : [0, 1] x [0, 1] — > X{W) given by 

G(s,i) = ((s,exp(y^(^)),(t,l)). 

Note 0(0, 1) = Pq. We set Pi := G(1,0) and Pa := G(l, 1). The image of Tq := ([0, 1] x {0}) U ({0} x [0, 1]) 
is contained in Tr~^{W). The orders <p are independent of P G G(ro). Hence, the Stokes filtrations are 
unchanged along G(ro). 

Similarly, let us consider the map G^ : [0, 1] x [0, 1] — > given by 

Gt(s, t) = ((s, exp(-V^(^)) , (i, 1)) . 

Note Gt(0, 1) = Qo. We set Qi :=Gt(l,0) and :=Gt(l,l). The image of Too := ([0, 1] x {0}) U ({0} x [0, 1]) 
is contained in {n^)^^{W^). The orders <q are independent of the choice of Q G G'''(roo)- Hence, the Stokes 
filtrations are unchanged along G^(roo)- 

Under the identification X - W ^ X'^ - W\ we have P2 — Q2, and the union of the paths G([0, 1] x {1}) 
and G^([0, 1] x {!}) is the ray connecting Pq and Qo- Hence, for the comparison of !F^" and we have only 
to show that J"^i(Q3o|Pi) of ^|Pi and J^'^i (9Joo|Qi) of 5J|q^ are the same. It follows from the characterization 
of the Stokes filtrations of (Q£,D) and (Q£^B^) by growth order of the norms of flat sections with respect to 
the metric h. (See Subsection 16. 31 ) Thus, we obtain the first claim of Theorem 18. 141 

Proof of the second claim By using Corollary 15.231 and Lemma I8.12[ we obtain the isomorphisms on 
X X*{R) for some R > 0: 

Gr„(f^,i^,5B) ~ Gr^.„HS(l^, V,5) ~ HS Gr„(F, V,5) 

Thus, the second claim is also proved. I 
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